
This is a digital copy of a book that was preserved for generations on library shelves before it was carefully scanned by Google as part of a project 
to make the world's books discoverable online. 

It has survived long enough for the copyright to expire and the book to enter the public domain. A public domain book is one that was never subject 
to copyright or whose legal copyright term has expired. Whether a book is in the public domain may vary country to country. Public domain books 
are our gateways to the past, representing a wealth of history, culture and knowledge that's often difficult to discover. 

Marks, notations and other marginalia present in the original volume will appear in this file - a reminder of this book's long journey from the 
publisher to a library and finally to you. 

Usage guidelines 

Google is proud to partner with libraries to digitize public domain materials and make them widely accessible. Public domain books belong to the 
public and we are merely their custodians. Nevertheless, this work is expensive, so in order to keep providing this resource, we have taken steps to 
prevent abuse by commercial parties, including placing technical restrictions on automated querying. 

We also ask that you: 

+ Make non-commercial use of the files We designed Google Book Search for use by individuals, and we request that you use these files for 
personal, non-commercial purposes. 

+ Refrain from automated querying Do not send automated queries of any sort to Google's system: If you are conducting research on machine 
translation, optical character recognition or other areas where access to a large amount of text is helpful, please contact us. We encourage the 
use of public domain materials for these purposes and may be able to help. 

+ Maintain attribution The Google "watermark" you see on each file is essential for informing people about this project and helping them find 
additional materials through Google Book Search. Please do not remove it. 

+ Keep it legal Whatever your use, remember that you are responsible for ensuring that what you are doing is legal. Do not assume that just 
because we believe a book is in the public domain for users in the United States, that the work is also in the public domain for users in other 
countries. Whether a book is still in copyright varies from country to country, and we can't offer guidance on whether any specific use of 
any specific book is allowed. Please do not assume that a book's appearance in Google Book Search means it can be used in any manner 
anywhere in the world. Copyright infringement liability can be quite severe. 

About Google Book Search 

Google's mission is to organize the world's information and to make it universally accessible and useful. Google Book Search helps readers 
discover the world's books while helping authors and publishers reach new audiences. You can search through the full text of this book on the web 



at |http : //books . google . com/ 



p^ 





^n 



|\Aftjd^ Ig6^.fl3 



HARVARD COLLEGE 




SCIENCE CENTER 
LIBRARY 




FROM THE BEQUEST OF 

GEORGE HAYWARD, M.D. 

OF BOSTON, HASSACHrSETTS 
CLASS OF IIMW 



Tf ,M AmWMmP*fF^ ipftBByy ^f 



PHILOSOPHICAL TRAI^SACTIONS 

OF THB 

JBOYAL SOCIETY OF LONDON 

Sbmbs a, vol. 201, pp. 223-327. 



QUATERNIONS AND PROJECTIVE GEOMETRY 

BY 

Professor CHARLES JASPER JOLY, 

ROTAL ASTBOKOMEB OF IRELAND. 



LONDON: 

PTTBUSHSD FOB THE BOYAL SOGIBTT 

BY DULAU AND CO., 37, SOHO SQUARE, W. 

CJONTINENTAL AGENTS, MESSES. FRIEDLANDEB AND SON, BERLIN. 

1903. 

A S3^' 20.6.03 

Price Five Shillings. 



^^^^^V^^>-^ VV0C(.0 3 



/ r 



3 1 



1 "^ ;v:'V 1 : 1903 






x^ 



\. 



[ 223 ] 



VIII. Qaateimions and Projective Geometry. 
By Professor Charles Jasper Joly, Royal Astronomer of Ireland. 
Communicated by Sir Robert Ball, F.R.S. 
Received Norember 27,— Read December 11, 1902. 

Introduction. 

A QUATERNION q adequately represents a point Q to which a determinate weight is 
attributed, and, conversely, when the point and its weight are given, the quaternion 
^^^^ is defined without ambiguity. This is evident from the identity 

? = (1 + ^)S9 (A), 

in which S j is regarded as a weight placed at the extremity of the vector 

<^-^ m. 

drawn from any assumed origin o. It is sometimes convenient to employ capitals Q 
concurrently with italics q to represent the same point, it being understood that 

Q = g^^ = l+OQ (C). 

Thus Q represents the point Q aflfected with a unit weight. The point o may be 
called the scalar point, for we have 

0=1 (D). 

In order to develop the method, it becomes necessary to employ certain special 
symbols. With one exception these are found in Art. 365 of 'Hamilton's Elements 
of Quaternions,' though in quite a different connection. We write 

(a, 6) = 6Sa - aS6, [a,6]=V.VaV6 (E); 

and in particular for points of unit weight, these become 

(a,b) = b-a, [a,b] = V.VaVb = V.Va.(b-a) . . . (F). 

Thus (ah) is the product of the weights SaS6 into the vector connecting the points, 
and [a6] is the product of the weights into the moment of the vector connecting the 
points with respect to the scalar point. The two functions (ab) and [a6] completely 
define the line ab. 
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Again Hamilton writes 
[a,6,c] = (a,6,c) - [6,c]Sa - [c,a]S6 - [a,6]Sc; (a,6,c) = S[a,6;c] = SYaYhYc . (G) ; 

or if we replace a, 6, c by (1 + a)Sa, (1 + ^8)86, (1 + y)Sc, where a, jS and y are the 
vectors from the scalar point to three points a, 6 and c, we have 

[A,B,c] = Sa^y-.V(i8y + ya + a^); (a, B, c) = Sa^Sy . . . (H). 

Hence it appears that [a, 6, c] is the symbol of the plane a, 6, c ; for 
— V [a, 6, c] (a, 6, c)"*^ is the reciprocal of the vector perpendicular from the scalar 
point on that plane. Also (a, b, c) is the sextupled volume of the tetrahedron OAsa 
Again, Hamilton writes for four quaternions 

(abed) = S . a[bcd] . (I) ; 

and in terms of the vectors this is seen to be the products of the weights into the 
sextupled volume of the pyramid (abcd). 

Other notations may ot course be employed for these five combinatorial ftmctions 
of two, three, or four quaternions or points, but Hamilton's use of the brackets seems 
to be quite satisfactory. 

In the same article Hamilton gives two most useful identities connecting any five 
quaternions. These are 

a{hcde) + b{cd€a) + c{deah) + d{eabc) + e{dbcd) = . . . . (J), 
and 

e{abcd) = [bcdjSae - [ac({]She + [abd] See - [abc]Sde . . . (K), 

which enable us to express any point in terms of any four given points, or in terms 
of any four given planes. 

The equation of a plane may be written in the form 

SZf = (L); 

and thus Z, any quaternion whatever, may be regarded as the symbol of a plane as 

well as of a point. 

On the whole, it seems most convenient to take as the auxiliary quadric the sphere 

of unit radius 

S.g^=0 (M), 

whose centre is the scalar point. With this convention the plane Slq = is the 
polar of tiie point I with respect to the auxiliary quadric ; or the plane is the 
reciprocal of the point L Thus the principle of duality occupies a prominent 
position. 

The formulae of reciprocation 

([a6c] ; [abd]) = [ab] (abed) ; [ [abc] ; [abd] ] = - (ab) (abed) . . . (N) 
connecting any four quaternions are worthy of notice, and are easily proved by 
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replacing the quaternions by 1 + «» 1 + i8, 1 + 7* and 1+8 respectively. In 
complicated relations it may be safer to separate the quaternions as in these formulae 
by semi-colons, but generally the commas or semi-colons may be omitted without 
causing any ambiguity. 

These new interpretations are not in the least inconsistent with any principle of 
the calculus of quaternions. We are still at liberty to regard a quaternion as the 
separable sum of a vector and a scalar, or as the ratio or product of two vectors, or 
as an operator, as well as a symbol of a point or of a plane. 

In particular, in addition to Hamilton's definition of a vector as a right line of 
given direction and of given magnitude, and in addition to his subsequent interpre- 
tations of a vector as the ratio or product of two mutually rectangular vectors, or as 
a versor, we may now consider a vector as denoting the point at infinity in its 
direction, or the plane through the centre of reciprocation. For the vector OQ of 
equation (B) becomes infinitely long if Sq = 0, and the plane Slq = passes through 
the scalar point if SI = 0. We may also observe that the difference of two unit 
points A — B is the vector from one . point B to the other A, and this again is in 
agreement with the opening sections of the " Lectures." 

Additional illustrations and examples may be found in a paper on " The Interpre- 
tation of a Quaternion as a Point-symbol," * Trans. Roy. Irish Acad.,' vol 32, 
pp. 1-16. 

The only other symbols peculiar to this method are the symbols for quaternion 
arrays. The five functions (a6), [a6], [ahc], (abc), and {abed) are particular cases of 
arrays, being, in fact, arrays of one row. In general the array of m rows and n 
columns 



3 



ay «2 a 
h &2 h^ 



dn 



< 



(O) 



^P\ PiPz •■' P" 

may be defined as a function of nin quaternion constituents, which vanishes if, and 
only if, the groups of the constituents composing the rows were connected by linear 
relations with the same set of scalar multipliers. In other words, the array vanishes 
if scalars t^, tc^ . . . t„ can be found to satisfy the m equations 

+ t„a„ = 0, 



t^hi + t^h^ -I- 



hPi + hPz + 



+ <A = 0, 



+ t„i\ = 0. 



The expansion of arrays is considered in a paper on " Quaternion Arrays," ' Trans. 
Roy. Irish Acad.,' vol. 32, pp. 17-30. 
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SECTION I. 
Fundamental Geometrical Properties of a Linear Quaternion Function. 

Art. Page 

1. Definition of a linear quaternion function 226 

2. The general linear transformation effected by a linear function 226 

3. Specification of a function by four quaternions or five points and their deriveds. . . 227 

4. The transformation of planes effected by the inverse of the conjugate function . . . 227 

5. Geometrical interpretation of Hamilton's method of inversion 227 

6. Geometrical illustration of the relations connecting Hamilton's auxiliary functions . 228 

7. The united points of a linear transformation 229 

8. Relations connecting the united points of a function / with those of its conjugate/' . 230 

9. Introduction of the fimctions/o = i (/+/'), /, = i (/-/') 231 

10. S^/o? = and Sqf^p=^0 represent the general quadric surface and the general linear 

complex 231 

11. The pole of a plane Sqb = to the quadric is /o~^i ; and the point of concourse of lines 

of the complex in the plane is f-^ 232 

12. The united points of/ form a quadrilateral on the sphere of reciprocation .... 232 

1. The quaternion equation 

f{p + q)=fp+fq (1). 

may be regarded as a definition of the nature of a linear quaternion function /, the 
quaternions p and q being perfectly arbitrary. As a corollary, if aj is any scalar, 

f{xp)=x/p (2), 

and on resolving fij in terms of any four arbitrary quaternions a^, a.2, ag, a^, we 
must have an expression of the form 

fq = aySb^q + a^Sb^q + a^Sb^q + a^Sb^q (3), 

because the coefficients of the four quaternions a must be scalar and distributive 
functions of 5. Sixteen constants enter into the composition of the function/, being 
four for each of the quaternions 6. 

2. When a quaternion is regarded as the symbol of a point, the operation of the 
function f produces a linear transformation of the most general kind. 

The equations 

f{xa + yb) = xfa + yfb ; f{xa -{- yb + zc) = xfa + yfb + zfc . . (4), 

show that the right line a, b is converted into the right line /a, fb, and the plane 
containing three points a^ b, c into the plane containing their correspondents, fa^fb 
andyb. 

The homographic character of the transformation is also clearly exhibited. 
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3. In order to specify a function of this kind it is necessary to know the quater- 
nions a\ h\ c\ d! into which any set of four unconnected quaternions, a, &, c, c?, are 
converted. Thus, from the identical relation 

g(a6cd) + ^(^^c^g') + ^(<^<^<7<^) + c(c??ot6) + (^(gafcc) = . . . (5), 

connecting one arbitrary quaternion with the four given quaternions, is deduced the 
equation 

fq{ahcd) + a{hcdq) + h\cdqa) + (/{dqah) + d'{qahc) = . . . (6), 

which determines the result of operating by /on q. 

When we are merely concerned with the geometrical transformation of points, the 
absolute magnitudes'*^ of the^ representative quaternions cease to be of importance, 
and the function 

fq = a?A'(B0D2) + yB(cJ>qA) + z d{j>qAB) + ivT>\qABQ) .... (7), 

which ' involves four arbitrary scalars, converts the four points A, b, c, d into four 
others, a', b', c/, 'd. Given a fifth point E and its correspondent e', the four scalars 
are determinate to a common factor, and subject to a scalar multiplier, the function 
which produces the transformation is 

. ,, , (b'c'd'e') , ,, V (c^dW) , ,, V (dVaV) 

fq = A'(BCDg) . V^^ — ^ + b' (cdja) . ^. ; ^ + c' (djab) . ^ / 

^ V ^/ (bcde) \ ^ f (cdea) \ ^ / (deab) 

+ d'(^abc).^^'^') (8). 

^^ ' (eabc) ^ ^ 

It is only necessary to replace (^ by E in order to verify this result. 

4. A linear quaternion function, / being regarded as effecting a transformation of 
points, the inverse of its conjugate f'^^ produces the corresponding tangential trans- 
formation. 

For any two quaternions, p and q, 

8pq = Spf-'q' = Sf-^pq'=Sp,</ iiq' =fy,p, = f-'p . . . (9). 

Hence any plane Spq = 0, in which the quaternion q represents the current point, 
transforms into the plane Sp//' = 0, and the proposition is proved. 

Thus, when symbols of points (q) are transformed by the operation of /, symbols of 
planes ( p), or of points reciprocal to the planes, are transformed by the operation 
o(f-\ 

5. Hamilton's beautiful method of inversion of a linear quaternion function 
receives a geometrical interpretation from the results of the last article. 

* In accordance with the notation proposed (* Trans. Roy. Irish Acad./ vol. 32, p. 2), capital letters 
are used in this article concurrently with small letters to denote the same points, but the weights for the 
capital symbols are unity ; thus q = qS^' = (1 + OQ) S</. 

2 G 2 
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The symbol of the plane containing three points or, &, c, may be written in the 

form 

p = [a,b,c] (10); 

and on transformation this becomes 

np,= lfa,fb,fc]==F'[ahc-] = F'p=.FTp, (11), 

where n is a certain scalar and where F^ is an auxiliary function. 

In fact, the first equation sums up the last article ; in the second a new function 
F^ is introduced, and in the fourth equation (9) is utilized. 
Since 2^, is quite arbitrary (11) may be replaced by the symbolical equations 

n=:F'f;F' = nf'-';f'=:n-W-';n=fF' .... (12), 

an arbitrary quaternion being understood as the subject of the operations. 
Moreover, because 

nSpq = SpF'fq = ^Fpf'q = SqfFp (13), 

where p and (j are arbitrary quaternions and where F is the conjugate of F\ it 
appears that 

n=fF; F=nf'^;f=n-^F''; n=Ff (14). 

And for any three arbitrary quaternions 

F[abc-] = [/'af'bf'c-] (15) 

as appears from symmetry, or, anew geometrically, by considering a point as the 
intersection of three planes. 

Operating on the last equation by Sf^d we find, since n '=^fF =:f^F, 



n 



{ahcd) = {fafhfcfd)={fafbfc/d) (16). 



The fact that (abed) is a combinatorial function of a, b, c and d proves that n is an 
invariant, or that it is quite independent of any particular set of quaternioiis, a, 6, c, d. 
This invariance is, however, established by the form of the equations (12) and (14). 

6. Replacing /by// =/— ^, where ^ is an arbitrary scalar, Hamilton denotes by 
F( and n/ the auxiliary function and the invariant which bear the same relations to 
/ that F and n bear to/ 

By (15) and (16), F^ and n/ are of the forms 

Fi = F-tG + tm-t^ (17), 

where G and // are new auxiliary ftmctions ; and 

7i/ = n-m' + <V'-fV"+<* (18), 

where n\ n" and n'" are new invariants. 
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He then equates the coefficients of the arbitrary scalar t in the symbolical equation 

n;=f,F, = FJ, (19), 

and obtains the symbolical equations 

n = F/,n' = F+G/,H"=6+H/.n'" = H+/ . . . (20), 



/ V 



r/^ 




which will be found to be of great importance in the 
geometrical theory. 

In virtue of (ID), all these functions are commutative, ^ , ■, ^^ 

in order of operation. / ^^-^/^ \ 

These equations establish certain collineations which 
are illustrated in the annexed figure. 

From the relations (20) Hamilton deduces /Gcf^ 

. H = n''' -/; G = n'' ^ ny+f ; F=n'^ n'/ + n'y' -/' • • (21), 
and the symbolic quartic satisfied by/ 

f* - n'"P + n"P - n'f+ « = or (/- t,) (/- Q (/- t,) (/- Q = . (22), 
if <i, ^2, ^g, t^ are the roots of the quartic 

t^ «. n'" t^ + n'^fi - n'^ + n = (23), 

or the latent roots of the fimctiony! 

It appears by (12) and (14) that exactly similar equations are valid for the con- 
jugate function /', it being only necessary to replace F, G and H by their conjugates 
F\ G' and H\ as the invariants n, n\ ??''and if are the same in both cases. 

7. The united points of the transformation are represented by the quaternions 
9.\y 9^2) ?3 ^^^ 9.^y which satisfy the equations 

Ai = <i9i ; /?2 = h<i^ ; /?3 = <3?3 ; /?* =^^<l^ (2^) ; 

and they are determined by operating on an arbitrary quaternion by the function 
obtained by omitting one factor of the second form of (22). In like manner by 
omitting two or three factors of the same quartic, the equations of the lines joining 
two, and of the planes through three, of the united points are obtained by operating 
on a variable quaternion. Thus 

g = (/-g(/-gr and g = (/- «> (25) 

are respectively the equation of the line through the points q^ q^ and of the plane 
through the points q^, q^, q^. These results are obvious when the arbitrarily variable 
point is referred to the united points as points of reference, or when we write 

r = x^q^ + x^q^ + x^q^ + x^q^ W- 
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8. The united points of a function and of its conjugate form reciprocal tetrahedra 
with respect to the unit sphere Sq^ = 0. 
For when the roots are all unequal 

t,8q^,q, = Sg',fq,=Sq,fq',= tSqiq'2 = (27), 

if q\ cf^^ g^'3 and (f^ are the united points of the conjugate. Thus the points q^ and 
(f^ are conjugate with respect to the sphere. 

Since the plane S^^^g^ = contains the points q<^, q^, q^, the weights may be chosen 
80 that 

{Qi92Mi) (^aS'sMi) {%<li9\9i) {miQi<h) 

and these relations imply* 

Sg'ig'i = Sgr^/^ = Sg-s/s = S^,?'^ = 1 (29); 

and from symmetry 

To these relations may be added the quaternion identities 
?i9'i + g'sS's + Jsff's + ?49'4 = 4 = 3^191 + g'^g-j + g'sja + /i5+ . . . . (31), 

g,s«7', + qs^, + qSg', + q.Sg', = 1 = q\Scn + q'Sq, + q'z^qz + q'Sq* ■ (32), 

which are probably more elegant than important. The second shows that the centre 
of the sphere is the centre of mass of the weights Sqi^q^, Sq^Sq^;^, ^q^^q^'^y ^Q-t^9\ 
placed at the vertices of either of the tetrahedra, and that the sum of their weights 
is unity. 

From these identities we deduce the vector equations 

(<?i^i) + (M'2) + iq^q',) + {q,q',) = = [qM + IqM + [qM + [qM (33), 

which express that equilibrating forces can be placed along the lines joining 
corresponding vertices, or that any line which meets three of these lines meets the 
fourth, or that the lines are generators of a quadric.t 

* Writing 2i = ^ (1 + Ai)» ?'i=«^i (1+a'i), equations (29) give Wiw\ (1 +Saia'i)=rl. Hence the 
product of the weights Wiw\ is the reciprocal of the product of the perpendiculars from the centre of the 
sphere and from the point qi (or ^'1) on the opposite face of the tetrahedron q\qjizq\ (or qiq'jq'sq'i)' 
Observe that only the products Wiv/i have been assigned, not Wi and w'l separately. 

t In the notation of the last note* (33) becomes '2wiw\ (afi - ai) = ^Wiw'iVeiia!i = 0. The equilibrating 
forces are proportional to the distances between the vertices divided by the products of perpendiculars 
mentioned in the note cited. 
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It is also possible to obtain relations connecting pairs of the points ((N), p. 224), 

from which we learn that 

- 1 = {<li92Wi) (^'iVV/VA) (35) ; 

and we are at liberty to write separately on further selection of the weights (for the 
products of the weights S^jS^'^ alone have been assigned), 

(QiMsQ^) = Wi9'2^sQ\) = ^/'^^ (36), 

with corresponding simpUfications in the formulae. 

When the function is self-conjugate, the tetrahedron of united points is self- 
reciprocal to the unit sphere. 

9. Introducing two new linear fimctions defined by the equations 

/=/o+/./=/o-/.or2/o=/+/,2/;=/-/. . . . (37), 

it is obvious that for any two quaternions, p and q, 

Sp/o7 = S7/0P ; Spf/i = - Sqfp (38), 

or symbolically 

/o=/o', /=-/' (39), 

and^o '^^ self-conjugate, and^^ is the negative of its conjugate. 

10. The equation 

S9/09 =0 (40) 

is the general equation of a quadric surface, and 

^qf^p^o (41) 

is that of a linear complex, p and q being both variable points. 

In fact (40) is the most general scalar quadratic function homogeneous in q, and 
the surface represented meets the arbitrary line q = a -{• ih in the points deter- 
mined by the roots of the quadratic 

Sa/oa + 2^Sa/o6 + ^^S6/o6 = (42). 

In like manner (41) is the most general scalar function linear in two quaternions 
and combinatorial with respect to both, for by (38) 

S9/,? = (43) 

whatever quaternion q may be. It is therefore immaterial if we replace q and p in 
(41) by any other points on their line, provided the two points are not coincident, and 
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the equation therefore imposes a single linear restriction on the line pq, and represents 
a linear complex. 

In terms of vectors, putting (7=1+ p, p=l+cy» and using tlie expression 
given in the ' Elements' (Art. 364, XII.) for a linear quaternion function, we have 

fq = e + € + S€> + <^p, /g = ^ + e' + Sep + </>> ; 

M = ^0 + ^u + Seop + <^o/>. f/1 = €/ — Sc^p + Vtjp . . . (44) ; 
where 

^0 = 0. 26o = € + €', 26^ = € — c' ; (f> = (f)^ + Yrj, </»' = </»o — Vr;, 

and the equations of the quadric and linear complex assume well-known forms 

e, + 2S€,p + Sp<l>op = 0,SeXf^'^p) + Sr,YpvT=0 . . . (45). 

11. The equation of the polar plane of a point a with respect to the quadric 
(compare (42)) is 

87/0^=0 (46), 

and f(^a is the pole of this plane with respect to the unit sphere. 
Thus/oa is the symbol of the polar plane of the point a. 
With respect to the quadric the pole of the plane 

Sqh = is p = f^-'h (47), 

and the reciprocal of the quadric has for its equation 

S'/yo-'2 = (48). 

The lines of the complex through a given point a lie in the plane 

Sgr/a = (49), 

while the point of concourse of the lines in the plane 

8qh =0i& p =f'^b (50), 

and 

Spfr'q = (51) 

is the equation of the reciprocal of the complex. 

12. The nature of the united points of the function f^ is easily ascertained. 

Since the function is the negative of its conjugate, its symbolic quartic (22) 
must be of the form 

. ,.. /.* + <'/^ + ^ = 0,or(//-V)(//-V) = .... (52). 

And if 

f^Pl = ^iPb ///l = -^lP\^fP2 = hP2^fiP\ = - ^2P'2 • • • (53), 

it follows in the first place (43) that the united points all lie on the unit sphere, and 
in the second by (27) that 
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Sp,p, = 8p,p', = Sp\p, = Sp',p',= (54). 

Hence in this order PiP^p'iP'^ ^® ^ quadrilateral situated on the unit sphere. 
These results may be verified for the vector form (44). Actually solving 

/(I + cr) = 5(1 + bt) = 6, - Sc^cr + Yrim, 

we see that « = — Sc^ct, s^iqm = Sr/e,, and therefore 

(.• -.t,)«t = 6, - .9"1St,6,, or {^ - ri^)m = (^ + ^) (^, - s-^St/c,), 

so that operating by Sc^ the result is the quartic in s 

s^j^s\e;^^rf)^{8ri€)^=Q (55); 

and for a real fimctiori two roots of this quartic are always real and two are imaginary. 
Two of the united points are consequently real (Art. 7) and two are imaginary. 
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13. Linear quaternion functions may be classified according to the nature of the 
united points : — 

I. The first class consists of those functions which have no line or plane locus of 
united points, and it is divisible into sub-class : — 

Ij, the four united points distinct. 
Igj two united points coincident. 
Ig, three united points coincident. 
I4, all four coincident. 

Ifi, two distinct pairs of coincident united points. 
VOL. cci. — A, 2 H 
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IL The second class consists of functions having a line locus of united points, 
with the following sub-classes : — 

IIj, the two remaining united points distinct. 
IIo, the two remaining united points coincident. 

113, one of the remaining united points on the line locus. 

114, the two remaining points coincident and on the line locus. 

III. The third class consists of functions having a plane locus of united points, and 
there are two sub-classes : — 

IIIj, the remaining united point is not in the plane. 
Ilia, the remaining united point is in the plane. 

IV. The functions of the fourth class have two line loci of united points. 

It is to be noticed that any peculiarity in a function is exactly reproduced in 
its conjugate. This will appear clearly from the following discussion, but the 
proposition is virtually proved in the concluding remarks of Art. 6. 

To assist in the examination of the diflferent cases, it is convenient to repeat 
Hamilton's relations (20) and (21), and in addition to obtain the symbolic quartics 
for the function H, G, and F. These quartics are deducible from the relations (20) or 
(21) without much trouble. The group of formulae is thus : — 

Ff^n, F+Gf=n\ G+Hf^n", H-\-f=n"'; 

H^n'" -f, G = n" -n"'f + /«, F = n' - n''f+ n>"P -p ; 
r-n"'P + n"P-n'f+n^O (56). 

H* - Zn"'IP + {n" + 3n'"*) W + (w' - 2n V" - n'"^) H 

+ n - nV" + n'V"2 = 0. 

G* - 2n"G^ + (2n + nV" + n"^) G^ - (2nn" - nn""^ + n'« + 7i'n"n"') G 

+ n^- nn'n" + n'V = 0. 
J?H _ „/p3 _|. ^^^>pi _ y^i^mp _^ ^s _ 0. 

14. For the sake of brevity in discussing the various classes, one root of the scalar 
quartic is supposed to be reduced to zero by replacing the function by one of the four 
functions f — t^, f — t^, f — t^,f— t^ of Art. 6 ; and whenever there is a multiple 
root, it is the multiple root which is reduced to zero. 

I. One qitatemion, " a," is reduced to zei'O by the operation of the function. 

Remembering that the conjugate also reduces a quaternion a' to zero, it follows if 

/«. = 0,/V=0 (57) 

that the locus of the transformed points, p =/?, is a fixed plane. 

Spa' = (58), 
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because SgfW = 0. Every plane through the point a is reduced to a line ; every line 
through the point becomes a point ; the scalar n is zero ; the function F reduces 
every point to a and destroys every point in the fixed plane (58). 

The quadrinomial (3) must reduce to a trinomial, for /cannot destroy a quaternion 
unless there is a relation between aj, ag, a^, a^, or else between fej, h^, ^3, h^. The 
t3rpe of fimctions of this kind is 

.fq^ ai^a\q + a^a^q + cb^a\q ; a = [a'ja'ga'^], a' = [^i^a^s] . . (59). 

II. The Junction destroys two distinct points. 

If 

ya = 0,/6 = 0;/V = 0,/'6' = (60) 

the line a, 6 is destroyed. The locus of the transformed points is the line of inter- 
section of the planes 

Spa' = 0, Sp6' = . ." (61). 

Every plane and every line through the line a, h is reduced to a point. The 
function is reducible to the binomial type 

fq = aiSa\q + a^Sa'c^q ; a + th = [a'^a gt^, a' + t'b' = [a^a.;/] .... (62), 

when r and /are quite arbitrary, and it is evident (15) that the function F vanishes 
identically. 

III. The function destroys three non-collinear points. 

/a=0,/6 = 0,/c = 0;/a' = 0,/6'=0,/c' = . . . . (63); 
and every point is reduced to a fixed point, the intersection of the planes 

Sj9a' = 0, Sp6' = 0, Spc/ = 0, or p = {a!Vt^ .... (64). 
Hence the fimction is a monomial, 

/gr = [a'6V] S [a&c]2 = a^Sa^ij (65), 

and the function G vanishes identically. 

IV. The function destroys two distinct joints, a and 6, and alters the tveights of two 
others^ c and d, in the same ratio, hut otherwise haves these points unchanged. 

The type is 

fq . (abed) = tQc{ahqd) + tQd{ahcq) (66). 

15. In order to illustrate the nature of the solution of the equation 

' fq = p (67) 

in the different cases, we employ Hamilton's relations (56), which give the solution 
on substitution. 

2 H 2 
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Ij. One. latent root is zero. In this case 

n = 0,Fp = 0; n'q = Gp + Fij = Gp + xa (68), 

because F reduces every quaternion to the fixed quaternion a multiplied by a scalar x. 
Here x is arbitrary, provided the condition Fp = is satisfied ; the point Gp lies in 
the fixed plane (58) ; and q may be any point on the line joining this point to a, or 
in other words, this line is the solution of the equation (67). 

If the condition Fp = \a not satisfied, the scalar x must be infinite, so that in 
the limit f{Gp + ^«) ^^y have a component at the point a, which escapes 
destruction by F. The solution is simply the point a affected with an infinite 
weight. 

When n = 0, it appears fi'om Hamilton's relations that F satisfies the depressed 

equation 

F{F'^n') = (69), 

and the interpretation is, F reduces an arbitrary quaternion to a ; F -- nf destroys a. 
I^. Two latent roots are zero. Here 

n = n' = 0, Fp = 0; Gp+Fq = 0; nf'q = Hp + Gq . . (70), 

and q must be allowed the fiill extent of arbitrariness consistent with the conditions. 
Observing that the relations (56) now give 

/2G' = 0, (?/» = (71) 

it appears that the double operation of / destroys the result of operating on any 
quaternion by G, and that G destroys /^g. Hence, 

Gq = xa + ya, where fa = a,/V = . . . . . (72). 

The scalar x is determinate for 

/Gq = Gp = xa (73), 

but y is arbitrary, and the solution is any point on the line, y variable, 

n''q=:Hp + xd + ya (74). 

As before, if Fj) is not zero, the solution is a multiplied by an infinite scalar. 

The character of the fimction G has now completely changed. It now destroys 
a line {f^q)y and because Gf^ = 0, or Gf^EP = 0, and also n' = 0, the S3anbolic 
equations of G and F are both degraded, and are 

(?((?- n'0' = O, F^=zO (75). 

I3. The solution in this case is 

n = n' = n" = 0; Fp = 0, Gp + Fq =0, Hp+Gq=0; n'''q=p + Hq. (76). 
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The symbolic equations now give 

F' = 0, G^ = 0, HP=0, (? = - HI F=Hp . , . (77). 
and 

Hq = xd^ + yd + 2:a where /a' = a , ya = a, /a = . . (78). 

The solution thus takes the more explicit form, 

7i"'qr = p + ara ' + ya + za ; Hp=:xd +ya; Gp = -- oca, Fp = . (79), 

and 2 alone is arbitrary. 

If the last condition is not fulfilled, z is infinite. 

I4. Again, where n'" = 0, the solution is any point on the line, to variable, 

q=xd^^+yd^+zd+wa; p=occt'+yd+za; fp=yd+ya; f'^p=ooa; f^p=0 . (80). 

The symbolical equations satisfied by F, (r, jH" and /are now 

^^ = 0, (?*=0, JI* = 0, /* = (81) 

Although the forms of the equations for F and G are identical, the nature of these 
functions are widely different ; G reduces an arbitrary point to the line xd + y<^> 
which is destroyed by a further application of the same function ; P' reduces an 
arbitrary point at once to the point wa, which is destroyed by a successive operation. 

The type of a function of this class I4 is 

/i?(aaVa"^) = a(a5aV") + a^(aaV") + «"(«««"9) • • • (82), 

in which a, a , d^ and a'' are arbitrary quaternions. 
The function, 

f{q) . {adhh') = a {aqhh') + t^b {adqV) + (6 + tjb') (adbq) . . . (83) 

belongs to the sub-class I5. 

16. lip A function of the second class destroys two points, a and 6, and in virtue 
of the distributive property it destroys the line a, 6. 

Since the locus of ^ is a line (61), the function F vanishes identically (15), and 
likewise the invariant n' as well as n. 

Hamilton's relations become, 

= n^ = 0; F = 0, Gf=0; Hf+G = n'\ H+f=n"' . . (84) 
and the symbolic equations for /and G degrade into 

i^ = /«-,i'y^ + n7=0; G{G^n'') = .... (85). 

Tha fiinction G — 7i" destroys the line a, 6, which is consequently the locus of Gq. 
For the solution of the equation /j = p, the relations (84) give 
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n''q = Hp + Gq; Gp = (86) ; 

and since Gq may be any point on the line a, &, the locus of qiB the plane [//p, a, 6]. 
If Gp = is not satisfied, the solution is an arbitrary point on the line a, h 
aflfected with an infinite weight. 

113. If 7i'' = 0, the solution is 

n'^'q = p + Hq; Hp + Gq=0, Gp = (87), 

and 

G^ = 0, HP^O, Hf=-G (88), 

whence 

Hq = xd + y^ + 2^6, Hp = aja if a^ '=^fi^ .... (89). 

114. If further, n'" = 0, the solution is 

q = xa^ + yct^ + 2Ja + wh, p=^xct + ya, fp = g(xx, f^p = . . (90) ; 

and the general function of this type is 

fq (aba'd") = a (ahqd") + d (ahdq) (91), 

and the fiinction G of I4 is of this sub-class. 

1 7. nil. The third class is that in which / destroys three points a, 6, c, which are 
not situated on a conunon line 

Here 

n = n' = n" = 0; F=G = Hf=0; n!''=j+H, /^ - r/y = . (92), 

and the solution is 

nf^'q = p -{' a:a+ yh -^ zc where Hp = (93). 

Ilia. If n'''=0, 

q = xd + ya + zb + wc where p =z axt, fd = a . . . (94). 
The type of the function is 

f{q) . (abed) = a (abcq) (95), 

to which the fiinction F of I4 belongs. 

18. IV. The fourth class is that in which two lines ab and cd are destroyed. 

n = n' = 0, i^=0, Gf=0, Hf+G=n" = ^n!^''\ H+f=n'" . (96) 
and the symbolic equations are 

/(/-K0 = O; 6^(G^-nO=0 (97). 

The function 

f(q) . (abed) = tQc{abqd) + t^d {dbcq) (98) 

is of this type, /destroys the line a, b and reduces an arbitrary point to c, c? ; 
/— ^y destroys c, d and reduces an arbitrary point to ab. 
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19. As the theory of the self-conjugate linear vector function differs in various 
details from that of the self-conjugate quaternion function, it is necessary to devote 
a few remarks to the latter. 

The four united points of a self-conjugate function form a tetrahedron self- 
conjugate to the unit sphere, for in this case the two tetrahedra of Art. 8 coincide. 
If two united points coincide, they must coincide with a point on the sphere, and the 
scalar quartic has a pair of equal roots. But in the case of a real self-conjugate 
vector fimction when two latent roots are equal, the function has an infinite number 
of axes in a certain plane, and not a single axis resulting from the coalescence of a 
pair ; and the reason is simply that a real vector cannot be perpendicular to itself, 
while each axis of a self-conjugate vector function must be perpendicular to two 
others. For a quaternion function, on the other hand, a real point may be its own 
conjugate with respect to the unit sphere, and there may be in this case 
coincidence of united points without a locus of united points and consequent 
degradation of the symbolic quartic. 

Again, the roots and axes of a self-conjugate vector function must be real, because two 
conjugate imaginary vectors, a-fv/— 1^, a— v^ — 1^, cannot be at right angles 
to one another, since the condition is a^ -f i^^ = 0> while a" + p^ is essentially 
negative. But two united points of a real self-conjugate quaternion function may be 
conjugate imaginaries, the condition 



S (a + x/--T6) (a - v/ - 16) = Sa^ + S6^ = . . . (99), 

merely showing that the real points a and h are situated one inside and one outside 
the unit sphere. 

20. On account of the importance of the self-conjugate fimction, it may not be 
superfluous to illustrate cases of coalesced united points. 

Writing for the general self-conjugate function, 

/(l+p) = e + 6 + S6/> + ^/3; S(l+/3)/(l+/>)=e + 2S6/3 + S/><I>/> .(100), 
the latent quartic is 

<4 _^s (g + ^/r) ^ ^2 (g^- + m' - 6^)- t {em + m + Sc (^ - m") c) 

+ m (e - Sc^-i e) = (101). 

The quadric surface Sq/q = has its centre at the extremity of the vector — *"^€, 

or say at the point c. 

One root is zero if 

e-S€*-i6 = (102), 

and the quadric is a cone with its vertex at the point c. A second root is zero if 

m = - Se (* - m'' + m'^"^) e = - wBe^'h, or if T^-^ = 1 . • (103) ; 

that is, if the vertex is on the unit sphere. 
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A third root -is zero if 
m' = Sc (1 - w"*-i) 6, or if Sc (I - m>"i + m'^-^) e = mSe^'h = . (104), 

and this simply requires *"^c to be parallel to a generator of the cone, and 
perpendicular to the vector to its vertex. This generator touches the sphere. 
The condition that the fourth root may vanish reduces to 

mT<P'h=:0 (105), 

and requires m = for a real function, and in this case the cone breaks into a pair 
of planes, and the symbolic quartic degrades. 

Admitting that T<I>"^6 = (for an imaginary function), it appears that the 
generator — ^'^e + x^'^h is common to the quadric and the sphere when four 
roots are zero. 

The preceding analysis establishes the fact that a real self-conjugate function may 
belong to the classes, I^, Ig, I3, II4 but not to I4. 

A real self-conjugate function cannot belong to I5 if its two united points are 
real, for certain of the conditions of self-conjugation of the tetrahedron in the 
limit require Sa^ = Sah = Sh^ = 0, or the line a, 6 must be a generator of the 
sphere ; and matters are not changed when we assume a and 6 to be conjugate 
imaginaries. We conclude therefore that no self-conjugate function belongs to I5. 

Since self-conjugate functions of the type II4 exist, a fortioin they will exist for 
the less restricted types IIi, Ilg, II3. 

Self-conjugate functions may belong to the types IIIj, III^. and to type IV, the 
lines being now conjugate with respect to the sphere (compare the following Article). 

21. If a function converts any tetrahedron into its reciprocal, it is self-conjugate. 

Here if 

fa = X [bed], fb==y [cicd], fc = z [afcoT], fd = w [abc'] . . (106), 

the function producing the transformation is 

fq (abed) = x [bed] (qbcd) — y [acd^ (qacd) + ^ [ctbd] (qabd) 

-- io[abc]{qahc) . . . (107), 
which is manifestly self-conjugate. 

This includes as a particular case the deduction from Art. 8. 

The following theorems may be stated here / — 

If a fiinction has a scalar for a principal solution, its conjugate has three vector 
principal solutions. 

If a function has a line or a plane locus of united points, it has a vector or 
a linear system of vector principal solutions. 

The nature of the function f, which is the negative of its conjugate, has been 
sufficiently considered in Art. 12. 
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22. It may be as well to show the geometrical meaning of changing from a 
function / to another /— t^, as in Art. 14. 
Writing 

P ={f-^o)q = P-hq, p=fq (108); 

it is obvious that p' is some point on the line "pq. To determine the point, let 
p', P and Q be the points p\ p and q with unit weights, then 

^^ V - ^o7_ -«/Q - ^oQ _ pS/q -- ^oQ /inQ\. 



and we have the ratio of segments 



P^Q _ Q^lZ _ S /Q ^^jQ^^ 



P P P — F tQ 



or its ratio is directly proportional to the perpendicular from the point Q on the 
plane S/q = 0, which is projected to infinity by the transformation.* 

Hence it is easy to form a geometrical conception of the nature of a transformation 
by reducing it to some simpler type, as in Art. 14; the point P for instance may 
always be supposed to lie in a fixed plane, while in the case of functions of the 
classes II and III it may be supposed to lie on a fixed line or to be a fixed point. 



SECTION III. 

Scalar Invakiants. 
Art, Page 

23. The extent of the invariance 241 

24. The sum of the latent roots is zero . . 242 

25. The sum of fractional powers of the roots is zero 242 

26. Tetrahedron inscribed to one quadric and circumscribed to another 243 

27. The sum of the products of the roots zero 244 

28. The sum of the roots and the sun? of their reciprocals zero 245 

29. Twelve-term invariants 246 

23. From the results of Arts. 5 and 6, it appears that 

({/- «> (/.- t) h, if- t) c, if- t) d) = (abed) (n - n't + n"t' - n"'t^ + <*) (1 H ) 

is identically true, no matter what the value of t may be or what quaternions 
a, 6, c, and d may represent. In this sense the four scalars n, n', n'\ and n'" are 
invariants, and every relation connecting them implies some peculiarity in the 
geometrical transformation produced hy f. 

♦ In vectors, if Q = 1 + p, the ratio is /o~^ (e + Sc'p). = to-^xTt if a; is the length of the perpendicular. 
VOL. QGl. — A. 2 I 
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Bat there is a wider sense in which these four scalars are invariants. If rii and n^ 
are the fourth invariants of any two fiinctions/j and/g, the relation 

HA/A - (/1/2) «, ifJA - tAA) ^ (fJA - tfj,) ., ifjf, - if J,) d) 

= {abed) yi^n^ {n - n't + n''t^ - ?i''V ^ ^4) ^112) 

is evidently true or may be verified at once by repeated application of (16). Thus 
any relation implying a peculiarity of the function f and depending on its four 
invariants, implies also a corresponding peculiarity in the mutual relations of the 
functions fiAfz ^^^ fiA^ ^^^^ ^s> ^f ^^7 two functions F^ and Fg decomposible in the 
manner indicated. In particular, if in (112) /g 5s replaced by /i"\ it is evident that 
the invariants of f^ff{'^ are identical with those of/ And, moreover, the functions 
may be replaced by their conjugates without altering the invariants. 

We now propose to examine the meaning of a few invariants, bearing in mind the 
remarks of this article, and remembering also that the invariants are more general 
than those of quadrics, for the function /is not supposed to be self-conjugate. 

24. For brevity, replacing /a by a', we have 

n'" {abed) = {a'bcd) + {ab'cd) + {abc'd) + {abed') .... (113). 

Ifn'" vanishes^ it is possible to determine an infinite number oftetrahedra a, 6, c, d, 

so that the comers of a derived tetrahedron shall lie on tlie faces of the original. 

For taking any three points a, 6, c, and their deriveds a', //, (/, three planes are 

found 

{a'bcd) = 0, {aVcd) = 0, {abc'd) = (114), 

whose common point d enjoys the property of having its derived in the plane 
of a, b, and c if, and only if, n'" = 0. 

Conversely, if this is true for any tetrahedron and its derived, the invariant n"' 
vanishes, and the property is true for an infinite number of tetrahedra. 

Interchanging the words corner and/rce, we have the corresponding interpretation 
of the vanishing of n!. 

More generally, when n'" vanishes, an infinite number of tetrahedra exists, so that 
the pairs derived from them by the operations of the functions fffi and // are 
related in the manner described. 

Analogous extensions will be understood in the sequel. 

25. Again, suppose that the sum of the squares of the roots of ??/ = is zero, or that 

7i'"2 _ 2n" = (115). 

In this case, tetrahedra may be found related to their correspondents in such a 
manner that the deriveds of these correspondents have their corners on the faces of 
the originala 
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Of greater interest, however, is the case in which the sum of the square roots of 
the roots of % = is zero, or when 

(n'''2 - 47172 = 6471 (116). 

Here the n'" invariant of one of the square roots of tlie function (compare Art. 36) 
vanishes, so that by the operation of this square root /*, it is possible, from a suitably 
selected tetrahedron (one of an infinite number), to derive a second, and from that 
again a third, so that the second has its corners on the faces of the first, while its 
faces contain the corners of the third. But directly by the operation of /(=/*./*) 
the third tetrahedron is transformed from the first, and these are so related that it 
is possible to inscribe to the first a tetrahedron circumscribed to the third. 

Similarly, we can interpret invariants arising from relations such as 

t,^ + t^^ + t^- + t^-=0 (117), 

where m is the ratio of two integers, and where t^, t^y ^3, and t^ are the latent 
roots of / 

26. Before passing on to invariants of a rather different type, we shall consider the 
relation connecting two quadric surfaces when an infinite number of tetrahedra can 
be inscribed to one and circumscribed to another. 

Let the equations of the quadrics be 

S^Fij = 0, S5F05 = (118) ; 

let the tetrahedron {abed) be inscribed to the first, and let its faces touch the second 
at the points a', h\ d^ df ; let the function f derive the tetrad of points of contact 
from the corresponding vertices. Then there are four equations of inscription to the 
first quadric 

SaFia = 0, S6F16 = 0, ScFiC = 0, Sc?Fid = . . . (119); 

twelve equations of conjugation of the points a\ 6, &c., to the second quadric 

Sa'Fgi = SftT^a = or Sa/T^i = SaF^/ft = . . . (120); 

and four equations of contact such as 

Sa'Fga' = or Sa/'FJa = . 

The equations of conjugation requue the function F^/ to be self-conjugate, so that 

/'I'\=F,/ (121). 

and the conditions of contact may therefore be replaced by four eqiiations such as 

SaFij/%=0 (122). 

2 I 2 
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An infinite number of tetrahedra may consequently be respectively inscribed and 
circumscribed to the quadrics 

SgF.2/'V = 0, 8q¥,q=z0 (123), 

when the condition (121) is satisfied and when the 7i"' of/ vanishes; and if this is 
likewise possible for the given quadrics, we must have 

F„P = F„ or /^ = Fr%. or /=(F,-%)* • • • (124). 

The sum of the square roots of the latent roots of the function Fg^^F^ must 
consequently vanish, or the invariant* (H^) of this function is zero. 

It has been proved incidentally in this article if a tetrahedron circumscribed to 
SqF^q == is self-conjugate to SqF^q = 0, that the invariant n'" of the fimction 
Fj-^Fg is zero ; and if the tetrahedron is self-conjugate to S^Fg^^ = and inscribed 
to SqF^q = 0, that the same invariant of the function Fg^^F^ is zero. Here 

It must be carefully observed that in dealing with quadrics the extent of the 
in variance (Art. 23) is limited. If F^ and F^ are self-conjugate, the functions /^Fj/g 
and /'1F2/2 Daust be self-conjugate before theorems can be extended fi:om the quadrics 
determined by the simpler to those determined by the more complex functions. 

27. The invariant n" vanishes if 

(a'b'cd) + (a'bc'd) + (a'bcd') + (ahWd) + {aVcd') + {ahc'd') = . (125). 

To save verbiage in the interpretation, the edges ah and c'cZ' may be called the 
opposite edges of a tetrahedron and its derived. If each edge of (abed) intersects the 
opposite edge of {a'b'c'd'), the invariant will manifestly vanish, for every term will 
be zero. 

To display the nature of the conditions requisite for determining a tetrahedron 
possessing this property, when n" = 0, let a and b be assumed fixed, and then five of 
the terms may be written in forms 

Sc/,ci=0 (n=l,2,3, 4or 5) (126), 

where /« is one of five linear quaternion functions. Three equations give 

c = [MM/3.Z] (127), 

and substitution in the fourth and fifth require the point c/ to be on the curve of the 
quartic surfaces 

(fAAd,MM = o, ifAMf,d,f,d) = o .... (128), 

* This condition appears to answer in every particular the condition (compare * Elements of 
Quaternions,' New Ed., vol. ii., p. 377) that a triangle can be inscribed to one conic and circumscribed to 
another {see, however, Salmon's * Three Dimensions,* Note to Art. 207). 
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which is complementary to the sextic curve (compare Art. 64), 

[MM/3^] = (129). 

Selecting any point d on this complementary curve of the tenth order, c is 
determined by (127), and the sixth condition must be satisfied. 

Hence it appears that any two vertics may be assumed at random, and a plane 
locus for the third. Ten points d lie in this plane, and ten tetrahedra satisfy the 
conditions. 

Generally, also, if the sum of the products of the square roots of the latent roots 
of the function vanishes, an infinite number of tetrahedra may be found related to 
their correspondents, so that con^esponding edges a, b ; a', b\ are intersected by 
opposite edges of intermediate tetrahedra. (Compare Art. 25.) 

28. The case in which the two invariants n' and n'" vanish simultaneously is of con- 
siderable importance in the theory of the linear function. These conditions are 
always satisfied for the fimctions 2^=/ — /'; and also for fimctions of a more 
general type ; in fact, for functions whose squares satisfy a depressed equation 

(/r + nT + n=0. or (/*-««)(/« -^*) = . . . (130). 

It appears from Art. 24 that two systems of tetrahedra exist, one set having their 
correspondents inscribed to them, the other set being inscribed to their corre- 
spondents. We shall prove that one system of tetrahedra exists which are at 07ice 
inscribed and circumscHbed to their correspondents. 

Let qi and q.^ be the united points of / for the roots ± 5, and g^j and q'^ for the 
roots ± sf. Take any line whatever 

q = x{q^ + tcq^) + y(^i + vq^^) {x, y variable) .... (131), 

intersecting the lines q^q^ and q^iq'%. The function / converts this line into the 

line 

p^xs{q^-uq^) + yf/{q'^-V(]f^) (132), 

which. intersects the connectors of the united points in the harmonic conjugates of 
the points of intersection of the original line. Repeating the operation, the line p is 
restored to q. 

In other words, when n' and n" vanish, the transformation intercha^iges lines which 
cut harmonically the connectors of the united points ; or it transforms a certain con- 
genency of lines into itself 

Take any tetrahedron havmg opposite edges, ab and erf, on two conjugate lines of 
this congenency ; the corresponding tetrahedron has the two edges c'd' and a'b' 
respectively on those two lines, and either tetrahedron may be said to be at one and 
the same time inscribed and circimiscribed to the other. 
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If the line a, b intersects the connectors in the points Q^ and q'j, and if a\ V inter- 
sects them in Qjj, q'^ (compare (131), (132) ), we may write 

a = Qi + «iQ'i ; 6 = Qi + ^^Q'i ; <^' = ^Qi + ^h^\ \ ^ = ^Qi + Aq'i ; 
a' = sq^ + s\q\ ; &'= ^Q2 + «'^2Q'2 ; c = q^j + ^gQ'a ; d = q^ + t^q'., ; 

and the anharmonics of the ranges ahdd! and aVcd are 

(a6)(c^rf0 _ ss'(t^ — ^2) (^ 3 — ^4 ) , (a^y)(crf) _ .^f&'^f^, — t^(t^ — ^4) 
(6c') {da) {st^ — 6''^3)(s'/^4 — sty) ' (6'c)(da') (^'t^ — st^){st^ — 5'^^) * 

For a pan* of quadrics (118) a quadrilateral on one determines a self-conjugate 
tetrahedron with respect to the other if 7t' and n'" of the function F^'^Fg vanish. 
Moreover, in this case the quadrics 

SgrFi^ = 0, S^F^Fr^F^gr = 

intersect in a common quadrilateral 

29. It may be worth while drawing attention to a simple rule for obtaining in a 
convenient form certain scalar invariants of linear functions. These invariants are 
the coeflSicients of powers and products of x^, x^y &c., in the latent quartic of the 
' fimction 

and the rule is to distinguish by accents or suflSxes the symbols in (abed) just as if 
this expression had been diflferentiated. For instance, there is the twelve-term 
invariant 

ni2 {abed) = t{aib2cd) 

where a^ stands for/^a, and a^ {orf^a. 

It would appear that when a twelve-term invariant vanishes, every term will 
vanish provided the tetrahedron (abed) is suitably inscribed to a definite curve. 

Suppose eleven terms vanish. Let three be solved for a, and substitution in the 
remaining eight leaves eight equations in 6, c and d. From three of these find 6, 
and five are left in c and d ; and on elimination of c, two equations in d remain, 
which represent a definite curve. From symmetry the remaining three vertices 
trace out a curve or ciures. These curves are covariant with the functions. 
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SECTION IV. 

The Relations of a Pair of Quadrics, SqF^q = 0, SqFc^q = 0, which depend 

ON THE Nature of the Function F^'^Fi. 

Art. Page 

30. The self-conjugate tetrahedron 247 

31. Coincidence of two of its vertices 247 

32. Coincidence of three vertices 248 

33. The tetrahedron becomes a point 248 

34. The function F2"^Fi has a locus of united points 249 

35. Scheme of the nature of intersection of the quadrics according to the type of the 

function F2-^Fi ' . 250 

30. We shall briefly consider the relations of a pair of quadrics which depend on 
the peculiarities of the function F^'^Fi, where 

SgFigr = o, SqF^q = (133) 

are the equations of the two quadrics. 

If the polar plane of the point a is the same with respect to the two quadrics, 

F^a = t^F^a (134), 

where ^j is a scalar, because (Art. 11) the symbols of the polar planes are F^a and 
FjO. Here t^ is a latent root of the function F^'^Fj and a is a united point. 

If 6 is a second united point answering to the latent root t^, we have, on account of 
the self-conjugate character of the functions Fj and F^, 

t^8bFza = 8bF^a = SaF^h = tSa¥^b = (135), 

provided the latent roots are distinct. Thus the polar plane of a contains the points 
6, c, and d ; and the tetrahedron is self-conjugate to both quadrics. The function 
Fi^^Fg belongs to the general type Ij, in which all the united points are distinct 
(Art. 13). 

31. Let two united points a and b approach coincidence. The relation (135) 
remains true up to the limit, and ultimately 

SaFia = 0, SaF^a = (136); 

and the coalesced point is situated on the curve of intersection of the surface. By 
(134) the symbols of the tangent planes to the two surfaces are identical, and the 
two surfaces touch. 

If then Fg'^Fi belongs to the type Ij, the surfaces touch, and conversely; and if 
the quadrics touch in two distinct points the type of the ftmction is Ig, and the 
intersection is a line and a cubic. 
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Let c and d be the remaining united points. By (135) the line c, d lies in the 
common tangent plane ; so in order to determine the generators of the two quadrics 
in the plane, it is only necessary to determine the points in which the quadrics meet 
the line c, d. For the first and second quadrics, the equations determining the 
points c -^ xd are respectively (134) 

t^^cY^C'^x%^d:F^d = ScFjC + x^SrfFjjcZ = ; . . . (137). 

The quadrics consequently have distinct generators unless ^3 = ^4, and unless the 
points c and d are distinct. 

For quadrics having a pair of common co-planar generators, F^'^Fj is of the type 
II2, and conversely. 

32. In the next place, let three roots t^ be equal, so that a is the union of three 
united points of /=F2''^Fi. The point a of Art. 15 (78) is now in the common 
tangent plane, because it has been derived by the operation of /— ^1 from another 
point a \ In fact we have 

(Fi - ^iFg) a" = F^a , (Fj - ^jFg) a = F^a .... (138); 

and from the first of these it is obvious that ^dFcfib = 0(= ^i^^SaJ^^a), while the 
second may be written in the form 

F,(a + a;a^) = (<i + x)F2(a + -^i-^a^) (139). 

This equation shows that the polar plane of the point a + xci with respect to the 
first quadric is identical with the polar plane of a H _J - a with respect to the 

second ; and because a lies in the tangent plane, in the limit where x becomes 
infinitesimally small, the two points become identical to the first order of Xy and the 
common polar plane becomes a consecutive tangent plane to both quadrics. The 
quadrics have, therefore, stationary contact, and their function Fa'^Fj is of the 
class I3. 

The generators in the tangent plane are now found by expressing that xd + c? is 
on one of the quadrics ; the equations may be written in the form 

.T^ijSa'Fga + 2x^iSa Fgd + t^^MY^d = ; x^^dY^d + 2x^dY^d + MYc^d = . (140), 

where the equation for the first quadric has been reduced by the aid of (138), in 
order that it may be compared with that for the second quadric. The generators are 
common if, and only if, t^ = t^^ and the function is then of the type II4. 

33. When the four united points coincide, the point a^ as well as d lies in the 
common tangent plane, d^ having been derived, as d was in the last article, from a 
third point d^^. From the three equations 
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(Fi - t,F,) a'' = F^a^^ ; (F^ - t,F,) d' = F,a ; (F^ - t,Y,) d = Y,a . (141), 

we see that, in addition to the conditions that the points should Ke in the tangent 
plane, we have 

Sa ' (F^ - t;?^) a = ; Sa F^a = 0, and Sa F^a = . . (142), 

as appears from operating on the third by Sa^ and using this result in operating on 
the second by Sa , and finally operating on the third by Sa . The line a + xa is 
consequently a generator of both quadrics, and the fiinction belongs t,o the class I4. 

The remaining generators, determined by the point in which a + yci^ meets the 
surfaces again, are deducible from the equations 

t^^dY^a + yt,^a¥.,a + y^aY^d = ; SdF//' + ySd'F^d' = . (143). 

If these remaining generators are common to both quadrics we must have 
St^Fga = 0, and then they coincide of necessity with the other generator, and the 
quadrics become a pair of cones touching along a generator. 

34. Suppose the function to have a line locus of united points, so that 

Fja = t.F^a ; F,h = t,FJ) (144) ; 

it immediately follows that one quadric meets the line a, h in two points common to 
the other, and the quadrics touch at these two points. Substituting in the equations 
of the quadrics 

q = xa + yh'\- z{c + ud) (145), 

the equations become, 

^iS {xa + yb) Fg {xa + yb) + z^ {t^ScF^c + uHj^dF.d) = 

S{xa + yh)Fz{xu + yh) + z^ScF^c + u^SdF^d) = .... (146), 

and for a constant value of u these represent the sections by an arbitrary plane 
through the line a, 6. These sections are identical if 

(^3 - '1) ScFgC + ?<2 (^^ « t^) SdF^d =0 (147), 

and as this is a quadratic in u, the quadrics have two plane sections common. The 
function /is of the type IT. The case of coincidence of the points c, d has occurred 
in Art. 31, one of the conies breaking up (type II2). 

If fg = ^j, while c is not situated on ah, the quadrics have two coincident plane 
sections, or ring-contact. The type of the function is TIIi. 

If ^3 = i^, but c not coincident with d, the function is of the class IV., and the 
quadrics intersect in common points on the line c, d. Let ab meet the quadrics in 
a/, 6' and cd in (/d\ then it is very easy to see that a\ c\ b\ d' is a quadrilateral 
common to both surfaces. 

VOL. cci. — A, 2 K 
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When c coincides with a point a on the line, let a be the point for which (Art. 15) 

(Fi - <iF2) a' = F.a (148), 

then SaFga = 0, and ShFcXi = 0, and the line ab touches the two quadrics at a. The 
conies in the common plane sections touch (type II3). 

If, further, d coincides with the point a (type IIJ, the point Fgc/ is derived by the 
operation of F^ — t^Y^ from some other point a' (Art. 32), and therefore 

SaFga = ; SfeF^a' = ; and SaF^a = ; SbF^a = . . (149). 

Hence it appears that the line a^ + ^b meets the two quadrics in the same two points, 
and the lines from a to these points are conmion generators. The intersection of the 
quadrics consists, therefore, of a pair of lines and a conic passing through their 
common point (type II4). 

Finally, it remains to notice the case of a plane locus of united points with the 
fourth point in the plane (III2). It may be proved that in this case the coincident 
plane sections consist of a pair of lines along which the quadrics touch. 

35. Summing up, the intersection of two quadrics according to the types of the 
function Fcj"^Fi, is 

Ii, a twisted quartic with two apparent double points ; 

12, a twisted quartic with three apparent double points ; 

13, a twisted quartic with two apparent and one real double point ; 

14, a right line and a cubic touching it ; • 

15, a right line and a cubic ; 

111, two conies ; 

112, a pair of lines and a conic ; 

113, two conies in contact ; 

114, a pair of lines and a conic through their intersection ; 
IIIj, the surfaces touch along a conic ; 

Illg, the surfaces touch along two generators ; 
IV, the intersection is a quadrilateral. 

SECTION V. 
The Square Boot of a Linear Quaternion Function. 

Art. Page 

36. The sixteen square roots of the general function 250 

37. Case of a function with loci of united points 251 

38. Various useful formulae 252 

39 A square root of the conjugate is the conjugate of a square root 252 

36. When the same effect is produced by the twice-repeated operation of one linear 
quaternion function and by the single operation of another, the former may be said 
to be a square root of the latter. 
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Tait first extracted the square root of a linear vector function, and pointed out the 
great utility of the conception. We now proceed to examine some of the properties 
of a square root of a quaternion function, and to illustrate their bearmg on certain 
geometrical investigations. 

The united points of a sqv/ire root are also united points of tke primitive function. 

If 

f^a = t^a, then ^a = i^a (150). 

The converse does not hold, for it may happen that loci of united points exist for the 
primitive and not for the square root. For example, if 

f^a = 6, /*6 = t^a ; then fa = i^a, fb^tj) . . . . (151), 

and though every point on the line a 6 is a united point for the primitive, this is not 
generally true tor its square roots. (Compare Art. 13.) 

When there is no locus of united points, the square roots have the same four united 
points as the primitive, and their latent roots are sets of the square roots 

±<i*, ±«2S '±<3S ±«4* (152) 

of the latent roots of the primitive. Thus in the general case a function has sixteen 
square roots. 

37. When the primitive has a line locus of united points (a, 6), any two points on 
the line may he assumed as united points of the square root. 

By the last article it may be seen that the square root must have united points 
on the line. Assume these to be a + x6, a + y^h tl^^i^ 

P{a + xb)=±t,^(a+xh); P{a + yb) = ±t,^{a + yb) . . (153), 

and the square root satisfies the condition that its twice repeated operation is 
equivalent to the operation of / If the signs are alike and x and y distinct, the 
square root has a locus of united points ; otherwise it has not. 

If a square root has coalesced points, so has the primitive. 

If 

fW = t^a + a ; f^a' = t^a ; then /a = ta" + 2t^a ; fa = ta. . (154), 

and therefore the repeated operation of /— ^ is required to destroy a ; and the 
primitive has a coalesced united point. 

The square root of a function having a plane locus of united points possesses at least 
a line locus of united points. 

The only escape is the assumption that the square root has a united point coalesced 
from three points, and this has just been shown to involve a coalesced point for the 
primitive, contrary to hypothesis. 

When the primitive has coalesced points but no loci of united points, the number of 
square roots is limited. 

This follows from (154). 

2 K 2 
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38. Except in the case in which the primitive has loci of united points^ the square 
roots are all commutative ivith one another and urith the primitive, for they possess a 
common system of united points.* 

Moreover, for a definite square root, 

(/+«')*(/+y)* = ((/+«')(/+ 2/))* (155), 

with liberty to change the order of the factors. This foUows most easily by operating 
on the united points. 

In general also, for any two functions /^ and/^, and a definite square root, 

A%fx-'={A%%-')' (156). 

because 

{fi'fJr'r=A'Ui-'-A%fi-'=AWfi-' (157); 

and in particular a relation which is occasionally useful is 

(/ry. + 0*=/r*(/r!4A-* + 0W (iss). 

39. It is evident from the foregoing that the square roots of a function and of its 
conjugate are conjugate when they have the same latent roots. 

Thus we may write 

(/*)'=/'* (159). 

to signify that the conjugate of a square root is the corresponding square root of the 
conjugate function. 

In particular, taking the conjugate of (158), 

{A7i''' + ty=AHfi'%7x'''' + tM^^ (160). 



SECTION VI. 
The Square Koot of a Function in relation to the Geometry of 

QUADMCS. 

Art. Page 

40. The quaternion equation of generalized confocals, q= >/{(/+«) (J+y) (/+^)}« • • • 252 

41. The general case of quadrics inscribed to a common developable 253 

42. The quaternion equation 5^= ^(/i-yaH- 3;) a of the intersection of any two quadrics. . 254 

40. The transformation 

p=f'q (161) 

converts the quadric Sqfq = into the unit sphere Sp^ = 0,/ being a self-conjugate 
function. 

♦ Compare * Elements of Quaternions/ New Ed., vol. ii., Appendix, p. 364. 
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This suggests a quaternion equation such as 

? = (/+a:)H/+y)'(/+2)*«=v/U/ + .0(/+y)(/+^)}<^ . (162), 

where e is some constant quaternion, as equivalent to the equation of a system of 

generalized confocals 

S?(/+^)-'? = 0. . (163). 

On substitution in the scalar from the quaternion equation the result is 

Se{f+y)if+z)e = (164), 

and y and z disappear, provided e is chosen to be one of the eight points satisfying 

S(?« = Se/6 = Se/^e =0 (165). 

Thus e is one of the intersections of three known quadrics. . 

It is not necessary to dwell on Hamilton's theory of the lunbilicar generatrices, as 
the subject will be resumed in an extended form.* Accordingly it is sufficient to 
mark that the equation of such a generator is 

<i = if+y){f+^ye = {f+xye + Uy-^)^-if+^ye. . (166). 

where y is variable ; and the form of this equation shows that when x varies the 
generator sweeps out the developable of which the cuspidal edge is the curve 

q = {f+^ye (167). 

41. More generally, starting from any two quadrics, 

S?/i^ = 0, Sqf^q = (168) ; 

the equation of the system of quadrics inscribed to their common circumscribing 
developable (compare Art. 11) is 

s?(/r^ + ^/rr^^ = o (169). 

This by the principles of Art. 38 may be replaced by 

^fHm-%* + ^rA'q=^o (170); 

and on comparison with (163) and (162) it is manifestly equivalent to the quaternion 
equation 

A'<i = iAYr'A' + ^)HMi-%' + yy{A'fr%' + ^ye^- ■ • (m); 

or, by an application of (158), to 

q = {fr'A + ^)Hfr% + yy{frYz + ^ye .... (m). 

* Compare Arts. 41 and 71. 



254 PROFESSOR C. J. JOLY ON QUATERNIONS AND PROJECTIVE GEOMETRY. 

where e =iff^e\ By (16 &) it is seen that the quaternion e of this formula satisfies 
the three equations 

Se/2e = 0, ^efjf%e=.0, SefJfYJfY,e = . . . (173), 

and is therefore one of the intersections of three quadriqs. 

42. In particular the equation of the curve of intersection of the original quadrics 
(168) is 

q = ifr'A + ^H where ^af,a = Saf.a = SafJ,-%a = . . (174), 

as may be proved by direct transformation from the general result (172), or perhaps 
more shortly by assuming the form g^ = (/+ ^)*« a,nd determining /, or by verifica- 
tion, remembering (158). 
Hence the equation 

s<^(fjr'+^m{fi-%+<^y<^=o (175) 

determines the eight points of intersection of the three quadrics 

Sqf,q = 0, Sqf^q = 0, Sqf.q = 0. 



SECTION VII. 
The Family of Curves (/ = (/+ t^a and their Developables. 

Art. Page 

43. Some meihbers of the family 254 

44. The tangent line and the developable 254 

45. The osculating plane 255 

46. The intersections of the curve with the osculating planfe 256 

43. Instead of writing down and discussing the equations of the circumscribing 
developable and of its cuspidal edge of the quadrics (169), which are in fact of the 
same form as (16f>) and (167), except that f=fi'^Y2 ^ ^^* self-conjugate, we shall 
devote a few remarks to the family of curves 

q = {f+t)'^a (176) 

and their developables, m being a scalar, a a constant quaternion, t a scalar variable, 
and /an arbitrary linear quaternion function. This family includes the right line, the 
conic, the twisted cubic, the quartic intersection of two quadrics, the quartic which is 
not the intersection of two quadrics, and the cuspidal edge of the developable 
circumscribed to two quadrics ; the corresponding values of m being tw = 1, 2, — 1 
or 3, 4 and f . 

44. The equation of a tangent to the curve (176) is 

2=(/+s)(/+«r^« (177). 
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when the scalar parameter s alone varies. When 5 and t both vary the equation is 
that of the developable of the tangent lines. 
If for suitable weights of the united points g^,, q^, q^y q^, we write 

^ = 91 + 9^2 + ^3 + ^1 . . (178), 

the equation of the developable becomes 

? = 2(<i + s)(<,+0-Vi (179). 

When Tw — 1 is positive, the result of putting ^ = — ^^ is 

q = {t2 + ^) ik - t,)--'q2 + (^3 + 5) (^3 - ^i)""'73 + ih + ^) ih -hY'% . . (180) ; 

and this represents a certain number of right lines in the united plane [(/gi 9^3, q^, the 
number being determined by the nature of m, being as we know 4 when the develop- 
able is circumscribed to a pair of quadrics, or when m = f . 

The remaining part of the intersection in the united plane is obtained by putting s 
equal to — ^,, and its equation is 

q = {k- t,) {t, + ty-^q, + (^3 - t,) {t, + ty-'q, + {t, - t,) {t, + ty-'q,. . (181) ; 

or more simply 

q = {f+^Y'%^ where a, = {t, ^ t,)q, + {t,^ t,)q^ + {t,-'t,)q,. .(182). 

The plane curve is likewise included in the family (176), and for m = | it is a 
quartic (174), or rather a conic counted twice, 



X. 



'(«.-M'+ M^3->.)^+ ^(^^^-' • • • • ^'''^' 



as we see from (181) on putting q = x^q<^ + x^q^ + x^q^^. 

In case m — 1 is negative it is necessary first to multiply (179) by the product 
n (^1 + ^)^"'' before putting — i equal to a latent root. Then, on making ^ = — <2> 
we find only the point q<^^ which shows there are no right lines in the plane [g^gg'sg^J, 
and which indicates multiplicity of the curve at the united points. 

45. Just as the equation of the tangent line was obtained in the last article from 
that of the curve, the equation of the osculating plane may be written in the form 

? = (/+«)(/+^)(/+0'*"'« (184); 

where t is supposed to remain constant, while s and u vary together. It is easy to 
verify that this plane contains two consecutive tangents to the curve. 
The reciprocal of the plane is the point (compare Art. 5) 

^ = (/' + i)^-a', a' = [a,/(e,/%] (185); 
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and consequently the cuspidal edges of the reciprocals of curves of the family (176) 
belong to a similar family obtained by altering a into a and / into its conjugate. 
Also the simi of the exponents m for a curve and the cuspidal edge of its reciprocal 
is equal to 2. 

The developable formed by the tangents to the new cuspidal edge is 

^=f/' + «')(/' + 0'-«' (186); 

and it may be worth while to verify directly that lines of this reciprocal developable 
are reciprocal to the corresponding lines of (179). Also lines in a united plane 
reciprocate into lines through a united point of the conjugate function ; so that we 
can assert that the number of lines of the developable of a curve whose exponent 
is m which lie in a united plane is the number of lines of the developable of a curve 
whose exponent is 2 — m which pass through a united point. 

46. The points {s) in which an osculating plane (184) at (t) cuts the curve again 
are found by combining this equation with (176) and putting 

S5p = = S(/+.s)-a(/' + 0''-a' = S«'(/+<r"«(/+*)"a . . (187). 

In this, when we use the expression (178) for a and when we observe (185) that 

fj' = [a/af'a] = tiq.q.q,] {t, - t,) {t, - Q {t, ^ t,) . . . . (188), 

equation (187) becomes 

^(^'-+ip<i + 0'(«*-^)(«8-<4)(<4-'«) = . . . .(189). 

The points at which the plane meets the curve four times are determined by 

t{ir{t, + t)%t,^t,){t,^t,){t,^t,) = '(190). 



SECTION VIIL 

The Dissection of a Linear Function. 

Art. Page 

47. /=Fi/ when F = F, ^5^ = 1 256 

48. Condition for the reduction /=FR when R = r( )r~^ 257 

49. Reduction of 5^ to GR when G2=l 258 

50. Reduction of an arbitrary function /= FGR 258 

51. Reduction of a function to a product of self-conjugate functions 258 

47. In addition to the decomposition of a ftmction into its self-conjugate and 
non-conjugate parts by addition and subtraction, there is another very useful 
resolution by multiplication and division analogous to Tait's resolution of a linear 



PROFESSOR C. J. JOLY ON QUATERNIONS AND PROJECTIVE GEOMETRY. 257 

vector function into a function repressnting a pure strain following or followed by 
a rotation. 

Multiply any function into its conjugate, and write 

j5^ = F (191). 

where F is the self-conjugate function whose double operation is equivalent to the 
operation of the self-conjugate function j^^ (Art. 36). 

Introducing a new linear function g and its conjugate g' defined by the relations 

/=F^, / = ^'F or 5r = F-y,^'=/F-i .... (192), 

it appears that this function is the inverse of its conjugate, for 

^'gr = l=i7<7' . . . . . . . . . (193) 

is a consequence of the equations of definition. 

The geometrical property of this new function is, that points conjugate to the unit 

sphere remain conjugate after transformation. 

For if 

Bpq = 0, then Bgpgq = ^pggq = (194). 

In particular the unit sphere is converted into itself by the transformation. 

This transformation is orthogonal, points and planes being transformed by the 
same function (Art. 4). 

48. On counting the constants, it appaars that an arbitrary function / cannot be 
reduced to the product of a self-conjugate function and a conical rotator 

R=r()r-\ R' = R-^=r-i( )r (195), 

there being sixteen constants in /, ten In F, and three In K 

In order to determine the conditions, observe that by the last article 

F^=ir if /=FR, and RR' = 1 (196). 

Now I say that if a scalar remains a scalar after the operation of R, the function 
is a conical rotator. For then 

SRV=:S/)R(1) = (197), 

and therefore R p or Rp remains a vector whatever vector p may be ; and, moreover, 
the angle between any two vectors is unaltered by the transformation.'^ 
Thus the condition required is simply 

/(1) = F(1), where T'=ff , . . . . . (198); 

and when the reduction is possible it is generally determinate. 

♦ Compare the Appendix to the New Edition of Hamilton's * Elements,* vol. ii., p. 366. 
VOL. CCI. — A. 2 L 



258 PROFESSOR C. J. JOLY ON QUATERNIONS AND PROJECTIVE GEOMETRY. 

49. A function which is the inverse of its conjugate is in general reducible in an 
infinite variety of ways to the product of a self -conjugate function and a rotator. 

Because gg' = 1 in the notation of Art. 47, the conditions (198) that g should be 

reducible are 

^(1) = G(1), where G^ = 1, G = G' (199), 

for simplicity writing 

l+5r(l) = a, l-5r(l) = 6 (200); 

it is evident from the last equation that 

Ga = a, G6 = - ft, Sa6 = (201) ; 

so a and h are united points of G, and conjugate with respect to the unit sphere. 

Take any point c in the polar plane of 6, and any point d in the polar line of ac ; 

and assume 

Gc = c, G(i=-d (202); 

then the function determined by the four relations (201) and (202) is self-conjugate, 
and its symbolic equation is G^ — 1 = 0. By the construction it follows that 

Sa6 = S6c = Sac? = Scd = (203), 

and the function is consequently self-conjugate. 

We have now determined a self-conjugate function, one of an infinite number, 
which satisfies (199), .and the proposition is proved. 

The rotator corresponding to G is of course 

K = G-V = G(7 (204). 

50. The results of recent articles establish the possibility of reducing an arbitrary 
function to the form 

/=FGR (205); 

where F, G, and R satisfy the equations 

^'=ff, F-y(l) = G(l). G* = l. R = GF-y. . . (-206); 

and by analogous processes the function may also be reduced to other forms such as 
GjFiRi, but on these we need not delay. 

51. An arbitral^ function may he reduced to a quotient or product of two self- 

conjugate functions. 

Assimiing 

/=Fr^Fi (207), 

it appears that the united points of / (compare Art. 30) satisfy the equations 

Fia = f jFja ; Fji = ti^^h ; F,c = ^jFjC ; Y^d - t^F^d . , (208) ; 
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but on the supposition that F^ and Fg are self-conjugate, it follows (135) that these 
united points form a tetrahedron self- conjugate to the two quadrics ^qFiq = 0, 
SqF^q = 0. Take therefore any quadric to which this tetrahedron is self-conjugate ; 
Fj is determined and Fg follows from (207). 
Otherwise the function 

F3 (q) . (ahcd) = xa' (qhcd) + 3/6' (aqcd) + z</ {ahqd) + wd' (ahcq) . (209) 

is self-conjugate (Art. 21) when (a7/c'c/') is the tetrahedron reciprocal to (abed) ; and 
on comparison with (208) the function F^ may be written down. The four scalars 
X, y, z, w are arbitrary, as might have been expected, since each self-conjugate 
function involves ten constants, while f involves sixteen. 
If two functions can be simultaneously reduced to the forms 

/, = F-iF„ /, = F-% • (210). 

the united points of f^ and /^ must form tetrahedra self-conjugate to a common 
quadric, or 

Fa J = Xi [6iCi<ii], &c. F% = Xc^[bcf^d^, &c (211). 

In this case the eight jmited points are so related that any quadric 

S^Fg^rrzO (212) 

which passes through seven, passes also through the eighth. 

The condition that the point a^ should be on the quadric may be written (211) 

SaiF3F-i[6iCirfi] = 0, or (F-^Fgai, 6^, c^, rf^) = . . . (213), 

and if 61, c^, and d^ are likewise on the quadric, it follows (Art. 24) that the first 
invariant of the function F'^Fg vanishes. Hence if the points ag, 62, c^ are also on 
the quadric, the remaining point rf^ must lie on the quadric too.* Thus one of the 
united points is fixed with respect to the others, and the functions f^ and f^ must 
satisfy three conditions, which reduce the number of their constants to 29, and this 
is precisely the number involved in the two quotients F^^F^, F^^Fg. 



* Compare Appendix to the New Edition of the * Elements of Quaternions/ vol. ii., p. 364. 
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SECTION IX. 

The Determination of Linear Transformations which satisfy Certain 

Conditions. 

Art. Page 

52. Transformations converting one given qnadric into another 260 

53. The transformations of a quadric and a linear complex into themselves 260 

64, The conditions that it may be possible to transform simultaneously a given quadric 

and a linear complex into another given quadric and a linear complex 261 

55. Transformations converting one conic into another given conic 262 

56. The condition for the simultaneous transformation of two conies into others .... 262 

57. One twisted cubic may be converted into another with arbitrary correspondence of the 

points 263 

58. The condition for the conversion of one unioursal quartio into another 264 

52. The results of Art. 47 afford a simple solution of such problems as to find a 
transformation which shall convert one quadHc into another. 

Symbolically this problem amounts to solving the equation 

Fx=/'F,/ (214) 

which connects two known self-conjugate functions Fj and F3 with an unknown 
function / and its conjugate. 

The first quadric is reduced to the unit sphere by the transformation 

q^ = Fy% so that SqF^q = 8q^^ (215). 

The unit sphere is converted into itself by the transformation (Art. 47) 

q2 = mu so that S^i^ =S(/j2 if grgr' = 1 (216); 

and finally the sphere is converted into the second quadric by the transformation 

9^3 = Fr^(?2, so that S9/ = S^aFg^s (217). 

Thus the transformation 

/=Fr»S'FA (75^=1 (218) 

converts the first quadric into the second ; and evidently this is the most general 
transformation fulfilling the conditions. 

53. To convert an arbitrary function "/" into itself observe that the transforma- 
tion must belong to the group (compare (218)), 

F=/o-W; where /=/o+/, (75^=1 (219), 

which converts the self-conjugate part /q of the function into itself 
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The problem therefore reduces to the determination of g from the equation 
(compare (214)) 

/.=/oV/o-*-/../«-W (220). 

The form of this equation suggests the new function 

L=UVJo\ ///+A = (221); 

and the equation (220) reduces to 

L = 9'L^9ovgf,,=f,g . (222); 

and the problem reduces to the determination of a function g commutative with the 
known function f^^ 

The function g must possess the same* united points as /^^ ; or g must be of the 
form (compare (221)) 

g = x + yf,, + zf,' + wf,^; {/ = x^yf,^zf,f^wf^f . . (223). 

Actually multiplying these expressions we find (2 i 9) 

g9=l={x + zfjy^(yf, + wf,,'Y (224); 

and as this equation must be equivalent to the latent quartic of the function y^,, 
it must vanish when for f^^ are substituted its latent roots. Now (Art. 23) the 
latent roots of f^^ are identical with those of f^, and the latent roots of the latter 
function (Art. 12) are of the form ± \/s, ± \/ — s\ Substituting and reducing, 
we find in terms of the two invariants n/' and n^ of /^, two equations 

l=x^ + n, {2yw - z^ - 7i/V), 

= 2xz-y^ + n/' {2yw - z^ -7i/V) + n^ .... (225) 

connecting the four scalars a?, y, z and w. Hence, reverting to the original functions, 
the transformation 

F = X + y/o-y/o + 2/o-y//o + tt/o-y.yo (226) 

converts the function / into itself; in other words, it converts the quadric and the 

linear complex 

S^/o(/ = 0, S'i./^ = (227) 

into themselves. 

54. Passing on to the general case, let us consider the relations which must be 

satisfied when one function / can be converted into another F ; or the conditions 

that a quadric and a complex can be simultaneously converted into^ another given 

quadric and another given complex. 

♦ Compare Art. 38, and the Appendix to Hamilton's * Elements,' vol. ii., p. 364. 
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The first quadric is converted into the second by the transformation (218) 
Fo"^5[/o*, and this converts the first complex into 

Si).FoV/o-'-/../o-yFo»^ • • (228); 

and, on comparison with the second complex, it appear that we must have 

Fo-»F,Fo-* = 5'/o-'//o-y, or F,, = gf„g-' ..*... (229), 

where we have introduced two new symbols for greater convenience. 

Equation (229) requires the fimctions F^^ and f^^ to have the same latent roots 
(Art. 23) ; or again, Fq~^F, and f^^ft must have the same latent roots, and this is 
the sufficient condition, for it appears, on substituting a united point of F,^ in (229), 
that the function g' must convert the united points of F,^ into those of /^, ; and it 
is always possible to find a function g capable of doing this, because (Art. 12) the 
united points of the two fimctions are quadrilaterals upon the unit sphere, and a 
function ^ always converts this sphere into itself. 

Thus, given two quadrics and two linear complexes, it is possible to transform 
simultaneously one quadric into the other and one complex into the- other whenever the 
latent roots of the functions /(^"f and Fq^^F, are proportional. 

55. To find a transformation which shall convert one conic into another. 
The essentials of the problem are contained in the equation 

/(a^» + 26« + c) = w; (aV + 26',9 + c') (230). 

In order that the right-hand number may be a quadratic function of t, it is necessary 
to have 

w={vt-\.v^)\ s=^±^. ...... (231); 

SO that on equating powers of t we obtain, in the usual notation for binary quantics, 
fa = {anjcJuvY\fb = {a'b'c%uvXu'i/) ; fc = {aVc'Xu'v'f .... (232). 

These relations are not sufficient to determine the function ; we may arbitrarily assume 
two quaternions d and d' and write fd = d' (Art. 3). The fimction thus determined 
involves eleven arbitrary constants, the four w, ?/, v, v^ which regulate the corre- 
spondence of point to point on the conies, and the seven (eight less one) involved in the 
two quaternions d and d\ for multiplying these by a common factor is without effect. 

56. In order to transform simultaneously two given conies into two other conies^ 
a single relation must exist connecting the conies. 

Affixing nimieral suffixes, 1, 2, to the various symbols in (232), we obtain the 
system of six equations which the function / must satisfy. Any six quaternions are 
connected by two relations, and the equations 
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(Si^ii + .f^ajia) ai + 2 (s,yii + s^^^) h^ + {«i2, , + s^z^,) c^ 

+ (*'ia'2i + h^iiV^i + 2 («jyji + Sj^/aa) &2 + (siZji + Sg^zz) ^s = • (233) 

+ («'ia^2i + «'o ^ny\ + 2 (*'iy'2, + s'2/2.3) t'a + (s'lz'ai + s'/sz) c'2 = ; 

I 

in which s^^ s^, s\y s\ are arbitrary, but the other scalars given may be taken as 
determining the two pairs of relations connecting the two sets of six quaternions. 

.When the left-hand members of the equations analogous to (232) are multiplied by 
^1^11 "^ ^2^w ^^-y ^^d added, the sum is zero; and the sum of the right-hand members 
is (with an obvious abbreviation) 

+ {(^1^21 + h^'22y 5l3/2l + ^2yn> Slh\ + V22l^2'^2)^»'2 + ^X'^h'^2X^V 2) ^'2 + 

Ky,)V,}=0 (234), 

or, for simplicity, 

(^,X,i + 5,X,2) a\ + 2 (.,Y,i + .^Y,,) h\ + (.,Zh + ^\Z,,) c\ 

+ (^,X,i + ^2X02) a'2 + 2 (^lYgi + ^^¥,2) t'2 + (^1 Z21 + 52Z22) c'2= . . (235) 

where X^i is a quadratic in ^i^ Vj, and Y|^ Z^i its successive polars to u\v\. This rela- 
tion connecting the six quaternions must be equivalent to the second equation (233), 
so we may equate corresponding coefficients of quaternions, when we shall obtain six 
equations linear in s^, s^, s\, s'^- Let s\ and s^ be eliminated from them. The result 
is the system of determinants 



"^11^1 i" ^12^2 ^11^1"T^12'*'2 ^ll'^l"r^l2^2 ^21^1 i ^22^2 ^21^1"!" M2^2 ^21^1 i" ^22^2 
^11 y II ^11 ^21 y^2l ^21 

«^12 2/l2 ^'l2 ^'22 y'22 ^22 



=0.(236), 



which is equivalent to four equations. But s^ and 5^ are arbitrary ; consequently this 
system of determinants breaks up into two independent systems, equivalent to eight 
equations among the eight scalars u, v. The eight scalars enter homogeneously into 
the equations, and may be eliminated, leaving a single condition connecting the four 
conies, in order that it may be possible to find a transformation which shall convert 
two of them into the remaining two. 

57. A twisted cubic may he transformed into another twisted cubic with arbitrary 
correspondence of the points. 

The equation of transformation of one arbitrary twisted cubic into another is 
(compare Art. 43) 

f{ahcdXt, ly = {aVdd'Xnt + u\ vt + vf (237). 

Hence equating coefficients of t, four equations are obtained which serve to deter- 
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mine / for arbitrary values of w, v, u\ i/ (Art. 3). These four scalars may be selected 
in any way we please. 

58. A single condition connects two quartzes of the second class* when it is possible 
to transfoi^m one into the other. 

The equation of transformation is 

/{ahcdejt. If = {aVcWc'Xut + u\ vt + v'Y (238), 

and five equations of condition may be written down analogous to (232). 
Let the relations connecting the sets of five quaternions be 

x^a + ix^h + 6x^c + 4.x^d + x^e = 0, yX + 4yJ/ + 6y.c' + ^y^d' + v/ = . (239) ; 

then, as in Art. 56 (234), we obtain the equation 

Xoa' + iXJj' + eX^c' + 4X3^^' + Xy =0 (240), 

where 

Xo = {xQX^Xc^x,^xJ[iivy (241), 

and where X^, X^, X3, and X^ are its successive polars to u'v\ 
On comparison of (240) and (239) the equality of ratios 

(242) 

is seen to be necessary. This is equivalent to four quartic equations in the homo- 
geneous variables t/, i\ n\ v\ and the resultant of these four equations equated to 
zero is the single condition in question. 



SECTION X. 

COVARIANCE OF FUNCTIONS. 

Art. Page 

59. The eight types of covariance. 264 

60. Special cases in which the types coalesce . ^65 

61. Second general method of obtaining covariant fimctions 266 

62. The Hamiltonian invariants and the method of arrays 266 

59. The subject of covariance naturally arises in connection with the various 
transformations lately considered, but as the principles laid down in the note on 
Invariants of Linear Vector Functions printed in the Appendix to the new edition of 
* Hamilton's Elements ' apply with but slight modification to the more general case of 
quaternion functions, it does not seem desirable to go into any great detaiL 

* A quartic of the second class is the partial intersection of a cubic and quadric surface, and only one 
quadric can be drawn through iL 
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We propose to obtain functions from given functions /i, /a, f^, &c., which fall 
into certain classes connected by invariantal relations. We denote two arbitrary 
functions by the Roman capitals X, Y, and we consider the transformations 
effected by multiplying a given function by X and into Y. 

This transformation changes the series of functions 

f\y /a* /3' • • • f\M /3» • • • fifr Am fh (243) 

into the series 

X/,Y, X/,Y, X/3Y, . . . '^fJf'f.Y, . . . X/i/rys/rl/fiY . (244) ; 

and we shall speak of this as the (XY) class. 

The series 

/i" y ff > /s" > • • • /r f%fC > • • • fC f^fz fUb • • • (245) 
becomes 

Y-vr^x-', Y-vv^x-\ Y-V3-1X-1, . . . Y-vrVs/s-^x-s . . . 

^-VcVJfVJr'^-' (246). 

and this is the (Y"\ X"^) class. 
The S3ries 

AA-\ AA-\ ' • • - fJf'AA" (247) 

is the (XX"^) class, transforming into the series 

x/,/r^x-i. x/,/3-'x-i....x/./ry3/r^x-^ . . . (248); 

and finally the series 

/r% /r% • . . fc'fJf'f^ (249) 

forms the (Y"^Y) class, as it transforms into 

Y-'/.-y^Y, Y-i/rVaY. . . . Y-Vr W3-V*Y . . . (250). 

Inverse functions of the (XY) class belong to the (Y'^X"^) class, and conversely; 
inverse functions of the classes (XX ■"^) or (Y""^Y) belong to their own class, and so 
also do products and quotients of functions of these classes. The product of an 
(XY) function into a (Y'^X*"^) function is an (XX"^) function, and so on. 

In hke manner there are four classes for the conjugate functions, as appears on 
taking the conjugates of a typical fimction. The annexed scheme exhibits the eight 
classes, the conjugates being printed under their correspondents : — 

(XY), (Y-iX-i) (XX-i), (Y-iY) 

(Y'X') (X'-^Y'-i) (X'-iXO (Y'Y'-i) (251). 

60. When we deal with quadrics or complexes, or when the condition is imposed 
that self-conjugate functions remain self-conjugate, the classes of the conjugate type 
VOL. cci. — A. 2 M 
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coincide with those originally found, but in a difierent order. In this case Y is the 
conjugate of X, and the scheme (251) becomes 

{XX!) (X'-^X-i) (XX-i) (X'-^X') 

(XXO (X'-iX-i) (X'-^X') (X X-1) .... (252). 

In this case the conjugate of a transformed function is .the transformed fimction of 
the conjugate. 

Again, in the general case, when Y = X~^, the types of the upper row (251) 
merge in the single type (XX"^), and the conjugates in the type (X'~^X'). 

Finally, all types unite in the single class (XX') when X is the inverse of its 
conjugate (Art. 47). 

6 1 . Covariant functions may be derived by the following general process, as well 
as by multiplication and division. For arbitrary scalars, ti, t^y <3, &c., 

n,{ttfy''labc'] = [ttfa,ttf^,ttf^^ . . (253), 

where rit is the fourth invariant of S^/*, and where 

Fi^[a6c] = S[/'xa,/'A/V] (254), 

the summation in this last equation referring to permutation of the suffixea 
These fimctions belong to the (Y"^X~^) class, because 

S[Y'/\X'a,Y'/'jX'6,Y'/',X'c] = %Y-ii?'ij3nxX-i[a6c] . . 



Ux and Wy being the fourth invariants of X and Y. 

In like manner functions of the (X Y) class are obtainable in the form 



(255), 



(256). 



62. Although rather foreign to the subject of this paper, it may be as well to indicate 
the nature of the Hamiltonian quaternion invariants of a system of Amotions. It 
was stated in a paper on Quaternion Arrays* that these invariants are included in 
the quotient 

/i« /i^ fiC fid 
/a" /a^ /aC M 



< 



>■ -f- (abed) (257), 



/»« /.& /.c f,d 
abed 

formed by dividing a four-column array by (abed), each row of the array consisting of 
the results of operation by a single function on four arbitrary quatemiona Briefly, 

* ' Trana. Roy. Irish Acad.,' vol. 32, p. 30. 
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a quaternion array may be defined as a function which vanishes if, and only if, the 
constituents of every row can be linearly connected by the same set of scalar multi- 
pliers. It is multiplied by a scalar if every constituent in a column is multiplied by 
that scalar ; and the sign of the array is changed if contiguous columns are trans- 
posed. 

These laws are precisely the laws which govern the function (abed), which is in 
fact a one-row array, so that if in (257) we replace any one of the four quaternions 
by any quaternion axx -f y6 + zc + wd^ the quotient remains unchanged. The 
quotient is therefore an invariant in the Hamiltonian sense ; it remains unchanged 
when the four quaternions a, 6, c, d are operated on by the function Y. 

If we regard the lowest row as consisting of the results of operating by the 
special linear function unity on a, 6, c and d, and if we replace /i,/2 . . . /« by X/iY, 
X^Y, . . . XfnY and unity in the last row by XY ; to a factor, ^y^x, the quotient 
becomes the corresponding quotient for the system of functions 

x/iXrS x/,x,-s . . . x/,x-^ 



SECTION XL 

The Numerical Characteristics of Certain Curves and Assemblages 

OP Points. 

Art. Page 

63. The number of points represented by {Qi> Q2} = 0, Qn being a quaternion function of q 

of order Mn 267 

64. The order and rank of the curve [QiQ2Q8]-=0 267 

65. The order and rank of the curve ((QiQ2Q8Q4Q6)) = 269 

66. The number of points represented by (((QiQ2Q8Q4Q6Q6))) = 270 

67. CJonditions for the vanishing of the system [[Q1Q2Q8Q4]] = 270 

63. In order to facilitate fiitnre investigations, we shall determine the numerical 
characteristics of certain curves and systems of points which frequently occur. 

Using the symbol Q» to denote a homogeneous quaternion function of q of the order 
M«, it appears from Salmon's chapter on the " Order of Restricted Systems of 
Equations " in his * Modem Higher Algebra/ that 

{QiQ2} = 0, or «iQi + «A = (258) 

represents a system of points whose number is 

M^s + Mi^M^ + MiM^^+M^^ (259). 

64. In like manner the chapter cited enables us to write down the order of the 
curve represented by 

[QiQ2Q8] = 0, or ^iQi + ^^Q^ + <3Q3=0 , , , . (260); 
2 M 2 
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but as it is desirable to determine also its rank and the number of its apparent double 
points, we shall adopt a different method. 

The quaternions a and 6 being arbitrary, the identity 

Qi (Q^Qs^^) + Q2 (Qa^^Qi) + Q3 HQ1Q2) + a (i'QiQA) + 6 (QiQ2Q3^) = o . (261), 
shows that the two surfaces 

(«QiQ2Q3) = o, («'Q,Q2Q3) = o (262) 

intersect in the curve (260), and also in a complementary curve common to the three 
fiurfaops 

(«&Q2Q3) = 0, (a'^Q3Qi) = 0, (a6QiQo) = .... (263); 

for when (262) is satisfied, the identity shows that either (260) or (263) must be 
satisfied. 

Let m denote the order of the curve (260) ; then the order of the complementary is 

(Mi + M2 + M3)^-m = m' (264), 

the orders of the two surfaces (262) being M^ + M^ + M3. 

Again, considering the intersection of the second and third surfaces (263), it follows 

from the identity that they intersect in the complementary curve and in the new 

curve 

[Q,a&] =0 (265) ; 

and because the orders of the surfaces are M^ + M3 and M^ + Mg, the order m^ of 
this new curve is connected with m' by the relation 

(Ml + M2) (Mi + M3) - m' = w, (266). 

Again, writing down the identity 

a (fecgQO + h (cqQ^a) + c (qQ^ab) + q (Q^ahc) + Q^ (ahcq) = . (267), 

in which q is the variable quaternion, while a, h and c are constants, it appears 
exactly as before that the surfaces 

(a6jQi) = 0, (a6cQi) = (268), 

of orders M^ + 1 and M^, intersect in the curve (265) and in a complementary curve 
which is obviously the complete intersection of the surfaces 

(ahcq) = 0, (ahcQ^) = (269) ; 

that is, a plane and a surface of order M^, 
Now the relations* 



♦ 



Salmon's * Geometry of Three Dimensions,' Arts. 345, 346. 
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2(A-/0 = (m-7nO(/i-l)(i/-l), r-r'=(m-7nO(/i + i^-2) . (270) 

connect the number of apparent double points (A) and the rank (r) of a curve with 
those of its complementary in the intersection of two surfaces of orders fi and p. But 
we know the characteristics of the plane curve (269) to be 

n2/ = Mi. r/ = Mi(Mi-l), V = (271); 

and hence we find the characteristics of its complementary (265), 

m, = Ml^ r, = 2Mi2(Mi-l), 2A = M^^ (M^ - 1)^ . . (272); 

and these in turn give the characteristics for the curve Tn\ 

m' = t,; r'=l,{t,-2) + t,; 2h' = l,{t,--t, + I) -1, . (273), 

and, finally, for the original curve (260) we have 

m = Si^ - 2, ; r = 2t,^ - 3t,t, + X3 - 2 {t,^ - t,) ; 

2A = (V-23y— (2S,3- 321X2 + S3) + (2i*-S,) • (274), 

where 2i, Sa and X3 are the sum, the smn of the products in pairs, and the product of 
the three quantities Mj, Mg and M3. 
As examples, for the twisted cubic 

[/i?/2V«] = (275), 

Mj = Mg = 1, M3 = 0, and Sj = 2, S3 = 1, Sg = 0, so that m = 3, r = 4, h— 1. 

For the curve 

[/i?/29/3^] = (276), 

Sj = 3, S2 = 3, S3 = 1 ; and m = 6, r = 16, A = 7. 

These numbers admit of course of simple verification.* 

65. In like manner proceeding one step further we calculate the characteristics of 
the curve common to the five surfaces obtained by equating to zero the coeflScients in 
the identity 

Qi(QsQ3Q.Q ) + Q2(Q3Q4Q5Qi) + Q3(Q AQ1Q2) + (^.{Q.Q^Q^^^,) + Q6(QiQ2Q3Q0 

= . • (277) 

m = 2M1M2, r = 2M1SM1M3 + SMjMgMa - 2tM^M^ . . . (278) ; 

this curve being the complementary of (260) for the fourth and fifth surfaces. 

The curve common to the five surfaces may be conveniently designated by the 
equation in double brackets 

' * The expression for the rank of a cunrc, 'Modern Higher Algebra,' Art. 284, seems to require 
modification. 
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((QiQAQA)) = (279) 

which is intended to denote that every set of four of the included quaternions is 
linearly connected. 

66. For the number of points common to the surfaces whose equations are 
obtained by deleting two of the quaternions included in triple brackets 

(((QiQ2Q3Q4Q6Q6))) = o (280), 

Salmon's formula (' Modern Higher Algebra ') gives 

N = 2MiM,Ms (281). 

67. To complete the scheme, we may regard the equation 

[[QiQeQ8Q4l=0 (282), 

as requiring the four quaternions Qj, Qg, Qg, Q^ to be coUinear ; or the four curves 
(260), obtained by omitting one quaternion, to have common points. If these points 
exist they satisfy the equation (compare (279)) 

((otQiQAQi)) = (283), 

or lie on the complementary common to the five surfaces. 

A curve meets its complementary (* Geometry of Three Dimensions,* Art. 346) in 

« = m(/i + J' — 2) — r (284) 

points, and in particular for the curve [Q1Q2Q3] and the two surfaces (aQ^Q^Qs) = 0, 
(QiQsQsQ*) = 0> we find the number to be (compare (274)) 

«4 = SiS,-S3 + M,(V-S,) . ■ (285). 

These points are generally variable with the arbitrary quaternion a. 
Again, the surface 

(aQiQ,Q8)(&QiQ2Q4) + ^(aQiQA)(&QiQ2Q3) = o . • . .(286) 

intersects (Q1Q2Q8Q4) = in [Q1Q2Q3] = 0, [Q1Q2QJ = 0, and in the complementary 
corresponding to b. When we seek the intersection of the curve [Q1Q2Q3] = with 
its complex complementary on this surface, the number of points is found to be 
2^4 + Mj^ + Mi^Mg + MiMg^ + Mcj^, and these can all be accounted for by (285) and 
(259). 

We can also in this manner determine the points common to the two complemen- 
taries (283) answering to a and 6 to be SM^M^Mj, employing the characteristics (278), 
and putting M5 = 0, 
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SECTION XII. 

On the Geometrical Relations depending on Two Functions and on the 

Four Functions / /', /q and /^ 

Art. Page 

68. Relations of the quadric S^/o^ = and the complex ^f/i = to the linear transformation 

produced by the function/ 271 

69. The quadrilateral common to the quadric and the linear complex 272 

70. The quadratic complex of connectors of points and their correspondents 272 

71. The extension of Hamilton's theory of the "umbilicar generatrices" 273 

72. The locus of the united points of functions of the system (a//+y/' + «')"^ («/+3(/^'+^) 

is the twisted sextic [/j, /'j, q\^0 274 

73. The case in which / and/' are replaced by arbitrary functions. The sextic intersects a 

united plane of the system in three residual coUinear points 274 

74. The numerical characteristics of the sextic 275 

75. The surface generated by its triple chords 275 

76. The satellite q^xfia + yf^ of a point a, and the quadratic complex of satellites . . . 276 

77. Satellites and triple chords of the sextic 276 

78. An arbitrary plane contains one point and its satellite 277 

79. The /ocus of a plane. Case of a united plane 277 

80. Special case for the functions /and/' 278 

68. We devote this section to the study of the geometrical relations connecting 
a function / with its conjugate /', its self-conjugate part f^ and its non-conjugate 
part f^ (Art. 9), and to the relations connecting a pair of arbitrary functions /j 
and /g. 

The quadric 

S?/^ = S?A = S^/o?. . (287) 

is the locus of a point which is conjugate with respect to the unit sphere to its 
correspondent in each of the transformations due to/,/' and/o- 
The linear complex 

Sjp/^ = 0, or Spygr = ^qfp^ or ^pfq = %qfp .... (288), 

may be written in the form (compare p. 223). 

Spq'S/q = Sqp'S/p, (pSp = p, p'S/p=/p) • . . . .(289), 

which expi-esses that the product of the perpendiculars fix)m q', the derived of one 
point Q, and from the centre of reciprocation on the polar plane of another point P 
with respect to the unit sphere, midtiplied by the perpendicular (S/q) from Q on the 
plane which is projected to infinity by the transformation, is equal to the correspond- 
ing product of three perpendiculars found by interchanging p and Q. This property 
is also true when/ is replaced by its conjugate/'. 
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The equation of the complex may also be regarded as representing the assemblage 
of lines converted hy f, into conjugate lines with respect to the unit sphere. 

69. In order to determine the four lines common to the quadric and the linear 

complex, observe that the point of contact (/)~Vi) of a plane ^hq = with the 

quadric must also be the point of concourse {fi'^h) of the lines of the complex in that 

plane, in order that the plane may contain lines common to the two assemblages. 

Therefore the points c in which the pairs of common lines intersect satisfy the 

equations 

e=f-% = u'Y,'% or h=f^e = uf,e (290). 

Thus four points e are determined, the united points of the function /o~V/- 
It appears, as in Art. 1 2, that the latent roots of this function are equal and 
opposite, and that the united points form a quadrilateral on the quadric. 

Otherwise, the invariants of /q'^) and of/^/o"^ ^® identical (Art. 23), and these 
functions satisfy the same symbolic quartic ; and because their conjugates, — ^^0"^ 
and — ^o'V/ likewise satisfy the same quartic, it must be of the form 

(/o-y.)* + N"(/o-y.)^ + N = 0, or ((/o-/)^ - u,«) {{f,-Y,Y - n,^) = . (291). 

Hence the lines in question are determined on solution of a quadratic equation. 
When these four points e^, e'j, e^, e'^ are taken as points of reference,* so that 

the equations of the quadric and complex may by the aid of (290) (compare again 
Art. 12) be reduced to the forms 

xy + zw= Uj^ {xi/ — x'y) + w^ (zw^ — z^w) =: . . . . (293). 

70. The locus of points whose correspondents are in perspective with a fixed 
point a is the twisted cubic 

fq-\^tq = a or [fq,q,a'] = (294), 

and the locus of lines which pass through a fixed point a and connect a point and its 
correspondent is the cone 

fq + tq= Tfa + ya or (fqqfaa) = \295). 

* Observe that these four points e are the only points for which 

the signs = being used to denote equality when the quaternions are multiplied by a suitable factor. For 
vector functions 

only when pa«, where c is the spin-vector. 
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The complex of lines connecting points and their correspondents has for its 
'^"^*^^^* {fpp/qq) = (296); 

and the locus of points whose connectors to correspondents intersect a fixed line a& is 

the quadric surface 

{fqqah) = (297). 

The reciprocal of the complex (296) is the complex of the conjugate 

{fPPfqq)--0 (298); 

for the line ^Y is reciprocal to the line p^ fp if Spp' = Spq'= ^pfp' = ^pf^q' = 0, 
which requires p', q\ fp\ fq' to be coplanar. 

The formulae of this article comprise many theorems with respect to the normals 
of confocal quadrics. It may also be observed that the complex (290) is unchanged 
when /is replaced by (/+ x) (/+ v)"^* 

71. An arbitrary quadric has eight generators xvhich connect a point and its 
correspondent in an arbitrary transformation. This is the extension of Hamilton's 
celebrated theory of the umbilical generators. (Compare Art. 40.) • 

The conditions that the line q = fa-}- sa should be a generator of the arbitrary 

quadric surface 

SqFq=zO (299) 

are 

SaFa = 0, Sa(/'F + F/)« = 0, Sa/'F/a = . . . . (300) ; 

so that we can determine eight points a as the intersections of three known quadrics, 
and the lines joining these points to their correspondents are the common generators 
of the complex and the quadric. 

Four of these lines are generators of one system of the quadric and four of the 
other stjstem. 

Four of the lines must belong to one system of generators. Let these be 
determined by the points a^, a^* '^zy ^^4* ^^^ condition that the line pq should 
meet the line a^ fa^ is 

{pqaja,):=0 or &{pq) [a Ja,] +S[pq] {a Ja,) = . . (301); 

and because any line which meets three of these four lines likewise meets the fourth, 
we must have for proper selection of the weights 

{^if'h)+M<'h)M^zM) + {<^J^^^ (302). 

* When we refer |? and q to the united points of/, the equation of this complex takes the forms 

where 

p^xa+yb + zc-h wd, q=^x'a + yb + /c + w'd» 

A vector equation may also be employed, for if we put p = l +0, j«i? + p, the equation of the complex 

may be replaced by 

(/+0p = w(/+5)(1 + «), or /) = t; (V(/+ 0-^1 + «)-«S(/+ 0-^1 +«))» 

when we eliminate s by separating the ccilar and vector parts after inversion of /+/. 

\0L. CCI. — A. 2 N 
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Hence the eight points common to three of the quadrics 

{qfqctnfan) = (n = 1, 2, 3, or 4) (303) 

are likewise common to the fourth. But four of these points are the united points of 
the function /, while the remaining four determine (297) four lines of the complex 
(296) which meet the four generators. These four lines are common to the quadric 
and the complex, and make up with the other four the complete system of eight linea 
In accordance with (302) we may write for the two sets of four lines* 

{ai/«i} + {%A} + {a8A}+ {<^J<s = 0, 

{«V«^} + {«'2/«'2} + {a'3/a'8} + ^«'4/<} = .... (304), 

and it maybe remarked that a direct interpretation of (302) is that four equilibrating 
forces can be placed along the lines of either set, for the first equation (302) expressed 
that the resultant of four forces vanishes, and the second requires their moment with 
respect to the centre of reciprocation to be zerot (see (33), p. 230). 

72. The locus of the united points of all functions of the system 

W+y'f + ^r'{¥ + iif'+^) (305) 

is the curve 

lf<lfqq] = (306); 

and this curve (276) is a sextic whose rank is 16, and the number of whose apparent 

double points is 7. 

If 5f is a united point of a function (305) and t the corresponding latent root, we 

obviously have 

{x^txf)fq + {y-^ty^)fq + {z^tz)q = .... (307), 

whence (306) follows immediately. 

The sextic curve is evidently the locus of united points of the conjugates 
(a;/' + yf+ z) of fimctions xf+yf +25, but it is not the locus of united points of 
conjugates of functions of the general type (305). 

In the following articles we shall consider some part of the theory of two arbitrary 
functions f^ and /g, as it is partially applicable to the subject under discussion. 

73. The loci of the united points of all functions of the two systems 

Wx + yYe + ^)-' (^/i + yf^ + ^) and (a/// + y%' + 2/)-' {xf^ + y// + z) (308) 
are respectively the sextic curves 

Uiqfm^ = 0, [/iW?9] = (309). 

These two curves unite in the special case of /^ =//. The first is the locus of the 
united points of the system xf^ + 7jf2 + 25, and the second is the corresponding locus 
for the conjugate system. 

* In the notation of arrays 2 { PnQn} - implies 2 (pnQn) = 2 [pnqn] = 0. 
t If On = AnSOtt, fon = BnS/an, An = 1 + a„, Bn = 1 + j^ni the equations (302) become 
2 08n-an)SanS/an = O; 2Van)8nSanS/an=0. 
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The locus of the united planes of the system xf + yf^ -{- z is tfie reciprocal of the 
conjicgate sextic. 

By the conjugate sextic we mean the second curve (309), and the proposition is 
obvious when we reflect that a united plane of a function is the reciprocal of the 
corresponding united point of its conjugate (Art. 8). 

The united plane of a function of the system xfi + yf^ + z cuts the sextic in three 
united points and in three othei^ collinear points. 

The equation of a united plane of the function xf^ + yf^ + z is Sa^q = 0, where a' is 
a united point of the conjugate. Writing the equation of the sextic in the form 

^'Aq + i/Aq + ^'q^o (310), 

and expressing that q lies in the plane, the result is 

Sq {x^fW + y/.V) = 0, or Sq {{xf - sx)f/a\ + (2/ - sy)f,W) = (311), 

where s is arbitrary, because x/\ V -f" ufz^^^ + ^^' = ^^'« 

Hence either xf = x, y = y, and ^ is a united point of the function, or else 

S^a' = S^/a' = S^/,V=0 (312); 

and the three remaining points are collinear. 

In particular for the functions f f\ f^, fy the polar plane with respect to the 
quadric and the plane of rays of the complex, corresponding to the reciprocal of a 
united plane of the function y, intersect in that united plane ; and their common line 
is a three-point chord of the sextic (306). 

74. Knowing the rank and number of apparent double points of the sextic, its 
characteristics are 

r = 16, m = 6, n = 30, a = 48, )8 = 0, X = 96, y = 72, g = 355, ^ = 7 (313), 

as may be verified by the formulae printed in Arts. 326-7 of Salmon's * Geometry of 
Three Dimensions.' Also the deficiency of the ciu've is D = 3. 

These numbers apply reciprocally to the developable of the last article generated 
by the united planes. Thus the order of its cuspidal curve is 30, and six united 
planes pass through an arbitrary point, while sixteen pass through a line. 

Through a united point the six united planes consist of the three planes which are 
united planes of the fimction possessing the united point, and three other planes 
intersecting in a common line (compare (312)) which is the reciprocal of a three-point 
chord of the second sextic. 

75. The triple chords of the sextic generate a surface of the eighth order. 

The three-point chords of a curve generate a surface of order (* Three Dimensions,' 

Art. 471) 

i(m-2)(6^+m-m2) (314)^ 

and this reduces to 8 in the present case. 

The characteristics of the cone, whose vertex is a point on the sextic and which 
contains the sextic, are deducible from the data of Art. 330 of the * Geometry of Three 

2 N 2 
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Dimensions/ The cone has A — m + 2 double edges, and consequently three triple 
chords pass through an arbitraiy point on the sextic. The sextic is thus a triple 
curve on the regulus of triple chords, and the surface has no other multiple line. 

76. There is yet another quadratic complex of importance in the study of a pair of 
functions. A point a is transformed into xf^a + 2(^a by the operation of xfi + t^/g, 
and as x and y vary, the locus of the transformed point is a line which we shall call 
the satellite of a. 

The satellites generate the complex 

{fr'pffWr'qA-'q) = o (sis). 

and the form of this equation should be compared with (296) and (298). There is 
also the complex of conjugate satellites obtained by replacing f^ and f^ by their 
conjugates, but when the functions are self-conjugate, or when one is the conjugate 
of the other, the two complexes combine into one. For the functions /and/' this is 

{f-'pf"pf-hf-h) = (316). 

The four points /a, /'«,/«, /a form a harmonic range on the satellite of the point a. 
There are also harmonic properties connecting pencils of planes S^/a = 0, ^qfa = 0, 
Sqf^/l = 0, Sqf^a = ; and it may be verified that these four planes intersect in a 
satellite for the inverse functions. This we shall prove for the general case. 

The reciprocal of the complex of satellites is the complex of the conjugate satellites 
for the inverse functions. 

If _p and q are any two points on the reciprocal of the satellite of a, 

Sp/a = Sp/2a = 0, Sg/a = S^/2a = (317), 

and on taking conjugates we see that the foiu: points fip^ fip^ /'j, f^q are 

co-planar, so that ,.....-.,. ^ ^ 

^ (/I'i'/a'p/i'?//?) = (318). 

The locus of points whose satellites meet the line ab is the quadric surface 
(compare (297)) 

{A<lf2qoh)^^ (319). 

77. The satellite of a point which describes a line g^ = a + <& constructs one system 

of generators of the quadric 

q = {fi + sf){a + th) (320), 

but the regulus degrades into a system of lines enveloping a conic whenever 

(/.«/;«/i¥2&) = (321). 

•that is, whenever the line belongs to the reciprocal of the complex of conjugate 
satellites (318). 

The conic is co-planar with the line when the further conditions 

{ahfafb) = 0, {ahf,af,h) = (322), 

are satisfied (compare (296), (298)). 
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But when we are given, as here, a series of tangents to a conic homographic with 
a series of points on a line in its plane, in three cases a tangent passes through its 
corresponding point ; and evidently when a point lies on its satellite, it also lies on 
the sextic [Jiq/^qq] = ; so the line under discussion is a triple chord of the sextic. 

It seems worth while noticing (compare Art. 66) the remarkable equation 

(((«,^/i«,/A/2«,/2&))) = (323) 

of the assemblage of triple chords of the sextic ^ for this equation is equivalent to (321) 
and (322). 

78. Again, in an arbitrary plane Slq=Oy it is generally possible to find one point p 
whose satellite lies in the plane. The conditions are 

SJp = 0, 8ffp=0, W2P = 0, so p = [/,///, ///]. . . (324); 

and the point is determinate unless the reciprocal of the plane lies on the conjugate 
sextic (Art. 73), or, in other words, unless the plane is a united plane for some 
function of the system. In this case (compare (312)) there exists a line locus for 
points p whose satellites lie in the plane. 

This is precisely the case of the last article, so when the envelope of satellites is a 
conic co-planar with the line, the plane is a united plane. 

79. For an arbitrary plane, the locus of points whose deriveds by /^ + xf^ remain 
in the plane is the line of intersection of SI (/^ + xf^) q = or Sq (// + xf^) 1=0 
with the given plane Slq = 0. All these lines pass through the point p, which may 
be called the focus of the plane. 

Assuming an arbitrary point _p to be a focus, the plane of which it is the focus is 
(compare (324)) the reciprocal of the point 

i = [pfiPAp]^ (325). 

The relation between a focus and the reciprocal of the plane is of the same nature 
as the correspondence discussed in Section XIX. (compare (526) with (324)). 
The points whose satellites pass through a given point a lie on a twisted cubic 

[^/i?/29] = 0, 

and the locus of points whose satellites lie in a plane is a right line. The satellite 
of a point q and the plane Slq = pierces the plane in the point 

9.=AqW,q-Aqmq (326), 

and from this quadratic transformation connecting the points q and q^^ it follows 
that q (or q^) describes a conic when q^ (or q) describes a right line. In the former 
case the conies pass through the focus of the plane. Thus again an arbitrary line 
qq^ meets the satellites of two points on the line (compare (320)). 

It would take too long to explain the various geometrical relations in the plane 
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8lq = 0, but subjects such as that just mentioned may be readily investigated by 

writing 

q = xa -{- yh + zc, g^ = x^a + y^b + zfc^ 

where a, b and c are any three points in the plane. Then the array 

{qq'\=k{bc]'{'ti {ca\ + v {ab} if k=yz''-y% ii=zx^^z'Xy v=xy''-xy . (327) 

and 

{Mfiq'\=^{fAM+iJi{Mfta\^p{f,a,f,b}. . . (328), 

if ft=fi'+tA 

Hence (compare (301) and (296)) the line qq' joins a point to its correspondent in 
the transformation produced by/^ if 

2XM6c/,6/,c) + 2/xi/{(ca/,a/,6) + (a//,c/,a)^ . .\ (329). 

This equation may be regarded as the tangential equation of a conic involving a 
parameter t quadratically. For six values of t the equation represents a pair of 
points — one point of each pair being one of the six points in which the plane meets 
the critical sextic, and the second point being the intersection of the plane with the 
line into which the plane is transformed by the function (ft — s) which destroys the 
aforesaid point (compare Art. 14, I). 

In a united plane, the theory is simpler. Let a, 6, c be the united points in the 
plane, united points of /j. Then (327) and (328) become 

{qq'] = X {6c} + II {ca} + p {ab}, 

+ v{t,a + tf^a, t,b + tf^b} . (330) ; 
and we get the conies 

t^lt\^bcf,bf^c)+X,ip[{cafoafJj)+{^^^^^ . (331). 

In this case the system of conies is inscribed to a common quadrilateral. 
The conic enveloped by the satellites is 

tk% {bcff'bff'c) + 2/x,.p, {coff'off'b) + h {p¥f'<'ff^^)\ = 0, 
or 

tk%{bcfj[>U) + tii.v[t^{abf.,^^^^^ (332). 

80. More particularly for the functions ff'f^^fp in a united plane of /, the united 
points a, 6, c form a triangle (I) in perspective with the triangle (II) of the traces 
of the united planes of the conjugate ; for these planes are 

^qa =0, S^6 = 0, Sg^c = (333) ; 

and the centre of perspective is given by 

SgraS6c = S^fcSca = S^cSaft (334) ; 
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while corresponding sides intersect in the points 

bSca — cSah, cSah — aS6c, aShc — 6Sca .... (335). 

The point of concourse of lines of the linear complex in the plane isf,"^ [<^6c], or, 

ih — h)cf&hc + (^3 — t^)hSca + {t^ — t^)cSah .... (336), 

since this point is the intersection of the planes 

S?/,a = 0, S?/6 = 0, S5//5=0 (337), 

for which the united points are points of concourse. This point lies on the axis 
of perspective (335), and the equation of that axis may be written in the form 

? = (/-0/r'[«H (338). 

The three lines of the complex which pass through the imited points intersect the 
sides of the triangle (I) in a triangle (III) in perspective with (I), and through the 
vertices of this third triangle pass the polars of the united points with respect to 
the quadric Sq/^q = 0, and the traces of these planes form a triangle (IV) likewise 
in perspective with (I). 



SECTION XIII. 

The System of Quadrics 8q - ^"f ^ q = 0, and some Questions relating to 

Poles and Polars. 

Art. Page 

8L (General properties of the system 279 

82. The intersection of two quadrics of the system, and the analogies for confocal and 

concyclic systems 280 

83. The poles of tangent planes to two quadrics with respect to a third 280 

84. The condition that three quadrics may be polar quadrics of a cubic surface .... 281 

81. In this section we shall notice some properties of the system of quadrics 

^'^t^ = ^ (339). 

The self-conjugate function /in this homographic system may be supposed reduced 
to the type noticed in Art. 28, for by a linear transformation the symbolic quartic 
may be reduced in three ways to the form 

f' + Wp + lS = (340). 

The system (339) is its own reciprocal, and it includes confocal and concyclic 
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systems. If a is the pole of the plane Shq = with respect to one of the quadrics, 
a and h are connected by the equation 

h = j'^lci, or {f-\-t)b = if +s)a, or a =j.-^^b . . . (341). 

Given 6, the locus of a is a twisted cubic if s alone varies, a right line if 5 is con- 
stant, and a quadric 

{afahfb) = (342) 

when s and t are both variable. (Compare Art. 70.) 

The points of contact of the plane with quadrics of the system are found by adding 
the condition Sab = 0, when we find three points, one point or a conic locus. 

A generalized normal joins a point to the reciprocal of its tangent plane, thus for 
n variable, 

g=^i^^a, when Sa/+-a = .... (343) 

is the generalized normal at the point a ; or deleting the condition and allowing 
t and u to vary, we have the equation of the assemblage of normals through the point 
a, and when a itself varies, we see that (342) represents the complex of normals to 
the system. 

82. In general, two quadrics Si ti and s^ t^ intersect in a curve through which no 
third quadric of the system can pass, but when fj = <2> ^^ infinite number of the 
quadrics intersect in the curve. This follows from the consideration that 

is the general equation of a quadric through the curve ; and a factor will not cancel 
unless <, = t^. 

If q is any point on the curve of intersection, the poles of the tangent planes at 
that point with respect to some third quadric of the system will be conjugate to that 
quadric if 

Sa (f+'h)(.f+s,)if+t,) ^) ,345) 

^(/+0(/+g(/+^s)^ ^ ^' 

In order that this may be the case for every point on the curve, the factor /+ 5g 
must cancel. Thus we must have 53 equal ^2, s^ or ^3. But further, on comparison 
with (344), it appears that the third quadric must coincide with one of the others, or 
else that t^ = s^ and Si = s^. 

This theory embraces the laws of confocals, their orthogonal section, and the pro- 
perty that the pole of the tangent plane to one, at a point of intersection with a 
second, taken with respect to the second, lies in its tangent plane at the point. 

83. More generally, given any three quadrics 
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SqM = 0, Sqf^q = 0, Sqf^q = (346); 

take the polar planes of a point q with respect to the first and second, and the poles 
of these planes with respect to the reciprocal of the third ; these poles are conjugate 
to that reciprocal provided the point lies upon the quadric 

SqAAfiq = o (347). 

If the quadrics have a common self-conjugate tetrahedron with the quadric of 
reciprocation, the three functions have the same united points, and are consequently 
commutative ; and the three surfaces (347) obtainable for different selections of the 
quadrics (346) are identical 

84. Before leaving this subject, it may be of interest to show how the invariant 
condition that three quadrics should be polar quadrics of a cubic presents itself. 

We have, if the quadrics are polars of the cubic F{qqq) = 0, 

S?/i(Z = F(a5rj),Sg/3<?==F(%),Sg/3j===F(c^g) . . . (348), 

if a, &, c are the poles. Hence 

Sqf^h = Sqf^a ; Sqf^c = Sg/36 ; Sqf^a = Sqf^c . . . (349) ; 

and on identifying the planes 

fih—f^a\f^c=f^h\ f^a=/^c (350); 

80 that 

«=/rV,/3-VJTVs« (351); 

and the function /^"^/i/a^^/g/i-^/a must have one latent root equal to unity. 

SECTION XIV. 
Fbopertibs of the General Surface. 

Art Page 

85. The principle of reciprocity, Q=Spg=P 281 

86. The self-conjugate function /defined by dp = (m-l)/ (d^) 282 

87. The reciprocal relation /^ = fl/=l, where dj=(n- 1)^ (dp) 282 

88. The relations of reciprocity, -Sdpdj=Spd2g= S^2^ 283 

89. The reciprocal of an asymptotic tangent is an asymptotic tangent to the reciprocal . . 283 

90. Generalized normals and centres of curvature 283 

91. The osculating quadric and its confocals 284 

92. The quadratic equation <^ the principal ciurvatures 285 

93. (Generalized geodesies 285 

85. If Q is a homogeneous and scalar function of a variable quaternion q of order 

m, the equation 

Q = 0.,., (352) 
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represents a surface. We shall write generally for any diflFerential 

dQ = rnSpdq (353), 

where |> is a homogeneous quaternion function of q and of the order m— 1. Since p 
is a determinate ftmction of q, q may be regarded as a fimction of p ; and using 
Euler's theorem for homogeneous functions we have 

Q = Spgr = p (354) 

where P is the function o£p into which Q transforms. 

86. Again, we shall write generally for the differential of the quaternion p regarded 

as a function of ^, 

dp = (m - l)/d^ (355) 

where fdq is a linear function of dg, involving q homogeneously in the order m — 2. 
This function is self-conjugate, for taking two successive and independent differen- 
tials of Q, 

d'dQ = mSpd'dq + m(wi - l)S.fd'q . d^ 

= dd'Q = n}Spdd'q + m{m'^l)S.fdq.d'q (356); 

and because the differentials are independent, 

d'dq = dd'q, and therefore Sdqfd'q = Sd'qfdq .... (357), 

consequently the fimction /is self-conjugate, for dq and d'^ are quite arbitrary. 

87. Differentiating (354) we find on comparison with (353) 

dP = nSq dp, where (ri — 1) (m — 1) = 1 . . . . (358), 

and it is easy to verify that n is the order in which p is involved in P. Also 
introducing a new linear function gr, we write 

dq = [n'-l)gdp (359), 

and, as in the last article, g is self-conjugate and involves p in the order n — 2 in its 
constitution. 

Thus for any differential by (355) and (359) 

dp = (m - l)/dg = (m - 1) (n - \)fg dj> ■=^fg dp . . . (360) ; 

or symbolically 

\=:fg = gf (361), 

and one function produces on an arbitrary quaternion the same effect as the inverse 
of the other. In particular, employing Eqlbr's theorem in (355) and (359) we have 
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88. When dq^ instead of being perfectly arbitrary, satisfies 

dQ = or Sp dq = 0, where Q = (363), 

dg' represents some point in the tangent plane at q to the surface Q = 0. The point 
p is the reciprocal of the tangent plane with respect to the unit sphere Sq^ = ; and 
the surface P = is the reciprocal of the given surface. The relations of reciprocity 
are clearly exhibited by the equations (compare (354)) 

8pdq = 0, Sqdp = 0, dP = OifQ = 0, dQ = . . . (364); 

- S dpdq = Sp d^q = S^ d% d^P = if also d^Q = . . (365). 

89. For the asyrnptotic lines, in addition to (364) and (365), the new relation 

= 8dpdq = 8pd^q = Sqd^p (366); 

and thus for arbitrary scalars x and y 

S{p + xdp){q + ydq)z^O (367), 

or the reciprocal of an asymptotic tangent is the asymptotic tangent to the reciprocal 

surface at the corresponding point. Hence also, if corresponding tangents are 

reciprocal they touch asymptotic lines. 

The tangents to the asymptotic lines of the original surface are also represented by 

the equations 

Sr/r = 0, Spr = (368); 

and those of the reciprocal surface by 

Srgr = 0, Sqr = 0. (369); 

r being allowed to vary arbitrarily, but p and q being kept constant. These lines 
are, in fact, the generators of the reciprocal quadrics 

Sr/r = or Srg-^r = 0, and Srgr = or Si/"V = . (370), 

(compare (362)) which lie in the corresponding tangent planes. 

90. The generalized normal to a surface at any point is the line joining that point 
to the pole of the tangent plane with respect to the quadric of reciprocation. But 
as there is practically no additional labour involved in the following discussion when 
the auxiliary quadric is arbitrarily selected, we assume it to be 

Sqhq^O (371); 

and then the equation of the normal at g' to the surface Q = is 

r = q + th''^p (372). 

2 o 2 



284 PROFESSOR C. J. JOLY ON QUATERNIONS AND PROJECTIVE GEOMETRY. 

If c is a centre of generalized curvature, or a point at which consecutive normals 
intersect, we have for intersecting normals 

c = q + th'^p, dc=idq+ tlr^ Ajy + h-^p d« = cdw . . . (373), 

where Axi is some small scalar, and dc = cdi/, because on the hypothesis that 
consecutive normals intersect in c, c and dc represent the same point and differ only 
in weight. On elimination of c, (373) becomes 

dgr-f.<;^-idp + t;(gr+«/A*i;>) + t«;(7 = 0, (^t; = d< — <dw, v + 'U;=2 — dw) . (374); 

and as this may be written 

(i+«^-y)(dj+t^g)+«^g=o, or d(7+V2+t^(l+<'^""y)"*^?=0 • (375), 

we find, on operating by Sp or S/^, the equation 

S^/(l + tlr^fr^q = (376). 

On inversion of the function thLs becomes a quadratic in t whose roots determine 
the two centres of curvature. 

91. This equation may be thrown into the more suggestive form* 

S2(/-i+<A-V2 = (377), 

which shows that the roots t are the parameters of two of the quadrics of the 
singly infinite system Sr (/"^ + </t"^)"^ r = 0, which pass through the point q. The 
third quadric of the system through that point is of course Sr/r = 0, which corre- 
sponds to i = 0. The quadric < = oo is the auxiliary (371). 

The two centres of curvature (373) are {t^ and tj, being the roots of (377)) 

Ox = (/-^ + «i/t"')i>, c^={f^^ + tjr^)p .... (378); 

and the form of these equations shows that the points are the poles of the tangent 
plane Srp = with respect to the two quadrics ti and t^. 

The equation of the tangent to a line of curvature, r = 5^ + xdg may by (375) be 
thrown into the form 

r^q-¥yf-Hf-^->fth-Y'q^qi)- + y)-yth-'{f-''-\-th-Y^q . (379), 

where < = <^ or t^^ and the form of this equation shows that the tangents are the 
generalized normals to the quadrics t^ and t^. 

The first form of (379) shows that the tangent t^ touches the quadric ij, for 

Sg(/-^+<2^"V/"M/"' + «i^""')"'2 = .... (380), 
as appears on replacing the middle function by 

* Becauee (1 + tt-i/)~i - ((/-i + /A-i)/)-i «/-i (/-» + tt-i)-i. 
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{ii-ti)f-' = k{f-' + tJi-^)-ti{f-'' + gr'), . . . (381); 

and, moreover, the lines of curvature form a conjugate reseau on the surface, for 
(380) gives 

Sn/r,= if n^f-^f-^ + tJi-^)-^q, r,=f-^f-^^t,h--^)-^q. (382), 

(compare (379)). 

The other usual properties analogous to those for confocals may be easily obtained, 
but it must suffice to state that the centres of curvature for the quadric <i are 

c'=/-i(/-i + <iA-i)-i^, c,' = (/-i + <,A-i)(/-i + </i-i)-ig . (383). 

92. To reduce the equation (377) to a quadratic, let the symbolic quartic of 
/t-ybe 

(^■y)*-N"'(/ry)' + N"(/t-y)2-N'(A-y) + N = . . (384); 

then on multiplying by t* and dividing by 1 + <'*~y> the result is 

fi {{h-Yf - N'" (/i-y)2 + N" (h-Y) - N'} - t^{{h-^fy - N'" (A-y) +N"} 

+ M(A-y)-N'"}-l = -N,(l + </i-y)-i. . . . (385). 

Observing that the coefficient of t? on the left is — N {h"^/)^^ or — N/*"^ A, the 
equation (376) becomes 

-tSfq{h'V-^''']q + Sqfq = . . . . (386); 
and this immediately reduces to 

mSqhq + tSp{JrYh-^'^W'h-^)p + SpJr'p = . . . (387), 

when we replace ^g^ by.j?, and discard the extraneous factor t 

If n and n^ are the fourth invariants of/ and /i, N = nn{'^ ; and it is easy to see 
that n is the result of substituting q in the equation of the Hessian of the surface 
if Q is an integral as well as a homogeneous function of q. Thus one root is infinite in 
either of two cases, if the point is on the Hessian, and if it is on the auxiliary quadric ; 
in either case the centre of curvature is the pole of the tangent plane with respect 
to the auxiliary. A root is zero if Sph^^p = 0, and in this case the tangent plane 
touches the auxiliary, and a centre of curvature is the point q itself These special 
cases depend on two distinct conditions, the relation of the auxiliary quadric to the 
surface, and the relation of the Hessian to the surface. 

93. A curve is a generalized geodesic when consecutive tangents are coplanar 
with the pole of the tangent plane with respect to the auxiliary quadric; or, 
gymbolically, 
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{q>dg,d^q,h''^p) = 0, or xq + ydq + zd^q + wh'^p:= . . (388) 

is the equation of a geodesic. 

Operate with Sp, Sdp, Shq, &hdq and by (364), (365), 

zBpd^q + tJuSpIr^p = ; ySdp dq + ^Sdj? d^q + tvSdph'^p = ; 

xSqhq+y8qh dq+zSqh d^q^O ; xSqh dq+ySdqh dq+zSdqh d^q=0 . (389). 

Introducing the function / and eliminating the scalars xyziv, we find 

&dpfr}p _ _ ySdqfdq + zS d qfd^q 
Sph^^p zSdqfdq 

- ^ ^qfd'q . &qfuf8dqhd'q^SqhdqSqhd'q r^^. . 

"" Sdqfdq^ SqKqSdqhdq^iSqhdqf ' ' ' V f^ 

and this, when the surface is a quadric so that / is constant, immediately integrates, 

and gives 

&ph''^pSdqfdq=:u{SqhqSdqhdq--{Sqhdqf) .... (391), 

where u is the constant of integration. 



SECTION XV. 

The Analogue of Hamilton's Operator V. 
Art Page 

94. The operator D. If dQ = Spd^, then ^ = DQ. Symbolical equation of definition 

inyoiving four arbitrary differentials 286 

95. The form of the operator in special cases 287 

96. Examples of the effect of the operator and analogues of Laplace's equation .... 287 

97. Method of forming polars and analogy to Aronhold's notation 288 

94. In applications of quaternions to projective geometry an operator analogous to 
Hamilton's V is occasionally usefnl. I define it by the equation (compare Art. 85) 

T)Q=p when dQ = Spd^ (392). 

To render this operator available for use, take any four independent differentials of 
q and write down the identity 

p {dq d'q d''q d"'?) = [d'^ d"^ d'"^] Sp d^ - [d^ d"^ d"'^] 8p d'q 

+ [d2d'^d'"^]Spd"^-[d^d'^d"^]Spd"'^ . (393), 

which suggests the symbolical equation 

D = 2±i^^9ld^i^i (394) 

where the summation refers to the four symbols d. 
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95. Otherwise, if the quaternion variable 5^ is a fiinction of four parameters, a?, y, 
z, ti;, we may replace the arbitrary differentials in terms of the deriveds of q with 
respect to these parameters, and then (394) becomes 

D = S^-t2iMJ9 (395), 

where 

"-t ^'=|' "-t "■=% <'»")• 

In particular, if these four deriveds satisfy the six equations 

Sq:^y = ^^q^ = ^^:^ = Sg^^M, = Sq^q^ = Sq^^ = . . . (397), 
it easily appears that the symbolic equation (395) reduces to 

D — 5^^ A J. _2y 3 J. q* 1 4^ q^ A. /398^ 

SqJ'dx^Sq.^dy^SqJ'dz^SqJdw ' ' ' ' V^^^Z' 

More particularly if q is referred to the vertices of a tetrahedron self-conjugate to 
the unit sphere, so that 

q = ax + hy + cz + dw, and if Sa^ = 86* = Sc^ = Sd« = 1 . (399) 

for suitable selection of the weights of these four points, the operator takes its 
simplest form 

while 

«-=Gi;+(i)"+(af +(^; <-•)• 

If, on the other hand, q = t-\'ix-\'jy-\'kz (402), 

the operator reduces to ^ ^ ^ — ^ (403). 

96. It may be usefiil to collect a few formulae which may serve as examples of the 
application of the operator. We therefore give the following : 

Dq = i; DKq=-2 = KDq; DS^ = 1=SD^; DV^ = 3 = VDgr; 

D8aq = a; D8.q^ = 2q; DT^* = 2K^; Dq^ = 4.{q + 8q); D(VqY = 2Yq; 

DT{q + a) = K\J{q+a); mqfq = {f^f)q. 

To these we may add 

D^{q + ay=-i = TD^8{q + af; TD^Tiq + a)» = 8 = D«S(? + af; 
TDM^ = nKD. KqTq^"^ = n (4T2«-* + (n — 2) qKqTq^^^) = n (n + 2) Tq^-^ 

And again 

D*(S./)- = 2nD.q{B.q^Y-^ = 8n(S.?*)--i + 4n(n - l)q^S.q^Y^^l 
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and on taking the scalar of both sides 

S.D«.(S.3')' = 4w(n + l){S.q^Y-\ 

From these results follow certain analogues of Laplace's equation 

TD*Tg-2 = o, TDV(I>).T(5 + a)-« = .... (404); 
and 

S.D^(S.f)-i = 0, S.J)\f(D).{S.{q + ayy^^O . . . (405). 

Moreover, the general expression for the operator in terms of arbitrary differentials 
a, &, Cy d of q enables us to write down a niunber of invariants and identities. For 
instance, operating on fq, we find 

T)Jq.{ahcd) = [hcc^fa'^[acd]fb-\'[ahd:]fc-[ahc]fd . . (406). 

Other examples relating to integration will be found in a paper in ' Proc. Boy. Irish 
Acad./ voL 24, Sect. A, pp. 6-20. 

97. So far as projective geometry is concerned, the use we make of the operator D 
is to form successive polars of a point with respect to a surface and to show that it 
leads directly to Aronhold's notation. 

The n^ polar of a point r with respect to a surface Q = of order m is 

(SrD)\Q = (407). 

If M = niy the operator simply multiplies Q by a numerical factor and changes the 

quaternion involved from q to r. Thus we may write the equation of the surface in 

the form 

(SrD)«'Q = 0, or (Sra)- = (408), 

where a is a symbolic quaternion devoid of meaning unless it enters into a term 
homogeneous in a to the order m. This is equivalent to Aronhold's method. 

SECTION XVL 
The Bilinear Quaternion Function. 

Art Page 

98. Definition of the bilinear function /(;>j) 289 

99. The permutate of a bilinear function /^ (pq) =/ (qp) ; and permutable functions 

^(PQ)'U{PQ) + hfApq) 289 

100. Combinatorial bilinear functions C (pq) = J/ (pq) - J/, (pq) 289 

101. The first and second conjugates of a bilinear function 289 

102. Successive conjugates and permutates. The six fundamental functions 289 

103. The p invariants and the q invariants. 290 

104. The first and second Jacobian surfaces / (p) = 0, J (q) = ; the IJ Jacobian corre- 

spondence, / (;?j) = 290 

105. The second and third Jacobian correspondences, /' (r'q) = and f (j>r") = . . . . 291 

106. The third Jacobian surface K (r) = 0. The JK and the KI Jacobian correspondences 291 
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98. We shall now explain a method which promises to be of considerable value in 
the application of quaternions to projective geometry. 

A bi-linear quaternion function f{pg) is a function of two quaternions {p and y) 
Ihiear and distributive with respect to both. It may be reduced to the form 

f{P'l) = ^i^Pfiq + ^SpM + <^'J^pM .... (409), 

where a^, a.>, a^, cf^ are any four quaternions and where /i,/2»y3> '^^^^^J\ *^i*^ f^^'* lintntr 
quaternion functions. The biUnear function involves sixty-four constants, sixteen for 
each of the four functions. 

99. Writing generally for all quaternions 7> and q 

f{pi)=fA<ip) (-tio), 

we may call the new bilinear function /) the permutate of the function f. When a 
function is unaltered by transposition of the quaternions, it may be called a per- 
mutable function. Thus 

P(P3) = i/W+i/.M (411) 

is a permutable function, the permutable pai-t of f or f^. A permutable function 
involves forty constants, the functions /i, /g, /g, f^ of (409) being then self- 
conjugate. 

100. When a bilinear function changes sign with transposition of its quaternions, 
it may be called a comhiiiatorial function. Thus 

C(i>?) = i/(ptf)-i/(p?) (412) 

is combinatorial. It vanishes for p=^ q^ and, regarded geometrically, it relates not to 
a pair of points, but to the line joining the points. 
A bilinear function is thus reducible to the form 

fiP9) = 'P{l>'l) + 0{pq); fAp<l) = -P{M)-C{pq) . . (413); 

and is uniquely resoluble into its permutable and combinatorial parts. 

101. Writing generally for any three quaternions, p, q, and /•, 

Sr/(^) = Si>/'(r(ir) = S(//"(p-) (414), 

we shall call the new functions /'(^), /" (p^) the first and second conjugates oi 
/{pq)* In fsict f (pq) is the conjugate when the first quaternion jp alone varies, and 
/" (pq) is the conjugate when the second varies. 

102. As the accents employed to denote the permutate and the first and second 
conjugates are not commutative in order of application, it is safer to use brackets in 
the rare cases in which double accents are necessary. Thus 

fip<i)^i/'np<i)=(/riP'i) = {fX(M) • • • • (415), 

VOL. CCI. — A. 2 P 
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because the first conjugate of the first conjugate o{f{pq) is simply the function /(pg') 
itself 

When the successive accents are difierent, the laws connecting the various functions 
are deducible from the relations (compare (414)) 

Srfipq) = Spf (rq) = S^ (/')" (rp) = Sp {/'), (qr) 
= Sg/" (Pr) = Sq if "I (rp) = Si> (/")' {qr) 
= 8rf,{qp)=8q{fy{rp)=.8pWf{qr) . . . (416), 

in which p, q and r are perfectly arbitrary. 
These relations show that 

(/T (m) = (/"). (m) = (/.)' (m) =/" (qp), 

(n(pq)=irnp2) = iff{p'i)=f'{qp) - ■ • .(417); 

and thus any multiply accented function may be reduced to one or other of six 
fundamental functions, the function and its two conjugates and the permutates of 
these three functions. 

103. Exactly as in Arts. 5 and 6, the equations 

{/(aq) - ta ; f{bq) - tb ; f{cq) - tc ; f{dq) - td) 

= (/' H) -taif {bq) -tb;/' (cq) -tc;/' (dq) - td) (418). 

{/{pa) - ta ; /{pb) ~ th ; /{pc) - tc ; /{pd) - td) 

= {/"(i>«) - ta;/"{pb) - tb;/"{pc) - tc;/"{pd) - td) (419) 

are identities for all quaternions j>, q.Oyh^c and cZ, and for every value of the scalar L 
The first is obtained on the supposition that /(^>5) is a function of p^ and the second 
on the supposition that it is a function of q. Dividing each member of the identities 
by (atccZ), we obtain the biquadratics 

J (q) - tJ^ (q) + ^ V- (q) - tJ^^^ (q) + t\ 

lip) - tr (p) + tU^' (p) - tT' {p) + t^ (420) ; 

and J (q), J' (q), J" {q)y J'^' (q), of the fourth, third, second and first order respectively 
in q, are the invariants of f{pq) considered as a function of jp. Equating these 
biquadratics to zero, we obtain the equations whose roots are the latent roots of 
f{pq) as a function o{p and as a fimction of g'. 

It is evident from (418) and (419) that these relations are equivalent when the 
function is permutable, and then J{q) = J{q)y &c. 

104. The quartic surfaces 

Hp) = 0, J{q) = (421) 
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we shall call respectively the first and second Jacobians. Whenever a pair of 
quaternions satisfies the equation 

f{pq) = (422), 

the point p must lie on the surface I{p) = and q must lie on J{q) = ; for f{pr), 
a linear function of r, has then one zero latent root, and f{rq) has also a zero 
latent root. 

On reference to (409), it appears that (422) is equivalent to 

Spf,q = Spf,q = Spf,q = Spf,q = (423); 

and in the particular case when the function is permutable, the four linear functions 
are self-conjugate, and the equations assert that the polar planes of one point (p) 
intersect in the other (q). In this case the surfaces (421) coincide with one another 
and with the Jacobian of the four quadrics ; and although it does not appear that in 
general the surfaces are the Jacobians of four quadrics, we have retained the name as 
being convenient and suggestive. 

Two points related as in (422) will be called Jacobian correspondents y or more 
particularly IJ Jacobian correspondents. 

105. When a fimction has a zero latent root, so has its conjugate. Consequently, 
whenever j9 and q are Jacobian correspondents, or whenever (422) is satisfied, it must 
be possible to find two other points / and i^\ so that 

rir'q) = 0, /"(K') = (424). 

There are thus two new types of Jacobian correspondence ; and the argument of 

Art. 102 shows that there can be no more, for the conditions (422) and (424) may be 

re-written in the form 

M<1P)=0, {n{qr') = 0, {f"Wp) = .... (425). 

without altering the signification of the equations, and we have now exhausted the 
six ftmdamental functions of the article cited. 

106. The points " r' " and " r" " of the second and third Jacobian correspondences 
lie upon the third Jacobian K{r). 

A latent root oi f {/q) considered as a fimction oi q (424) is zero, and therefore r' 
satisfies the equation 

ifVo), fVb), fVc), fVd))=^{{f')'Va), {f'yVh), ifJVc), {f'yyd))=0 . (426), 

in the second number of which the function of q has been replaced by its conjugate. 
But (417) the second number is equivalent to 

if" {<^r), f (br), f" (cr), f" {dr)) = (427), 

and consequently r", which satisfies (427), satisfies also (426), or 7''and/'lie upon the 
same quartic surface. 

2 P 2 
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As in Art. 103, we deduce the identity 

(/' (m) - ta ; /' {rh) -th;f (re) - tc ; /' (rrf) - Ut) 

= {f"{ar)-ta;r{br)-th;f"{cr)-tc;f"idr)-td) = . (428^; 

and the result of dividing by (abed) may be written in the form 

A'(r)-/A^'(r) + /'A^"(7')-/^A""(r) + /* (429), 

and the latent qnnrtic (^f,r{rq) w/" (7>0 (functions of 7) is obtained by ecjuating this 
to zero. 

The scheme of the Jacobians is now complete, the six fundamental functions of 
Art. 102 having been employed. 

The points r'q of (424) may be said to be JK Jacobian correspondents, and p and 
9" are IK correspondents. 

When f{i>q) is permutative, the JA^and /AT types unite and /coincides with J; 
when f{pq) ^^ self-conjugate with respect to p, K coincides with /, and the J A!' and 
IJ correspondences coalesce. 

It readily appears from (416) that when the function is doubly self-conjugate it is 
also permutable, and when it is permutable and self-conjugate to one element it is 
likewise self-conjugate to the other. In this case the three Jacobians coincide with 
the Hessian of the cubic surface 

Sqf{qq) = (430). 
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107. When one of the quaternions in a bilinear function is regarded as a quaternion 

parameter, the function represents a triply-infinite system of linear quaternion 

functions, or a four-system of linear functions, to borrow a convenient phrase from 

Sir Robert Ball's ' Theory of Screws.' 

Thus 

f{pq) = xj{p,q) + Xj{p^q) + xj{p^q) + xj{p^q), 

where p = Xyi\'\' x^p^'\' x^i^^ + x^p^ . . (431) 

is a linear combination of four given linear fimctions f{p,iq), the quaternions j)^ being 
supposed given while the scalars x^ are variable. 
It is frequently of advantage to use the notation 

f{m)=M<i)=Mv) (432), 

when the bilinear function is regarded as a function of </ or as a function of y>. 

108. An arbitrary point is a united point of a definite function of the fonr-.^iystern, 
provided it does not lie on a ciitical curve of the tenth order. 

If q is assumed to be a united point of a function determined by /), 

{f{P<l)>q} = 0, or f{m)-=tq, or Mp) = tq . . . (433): 
and the solution of the equation in its third form is 

pJ{q):^tF,{q), or p = F,{q), t = J{q) .... (434), 

where Fg is Hamclton's auxiliary function corresponding to f^ and where J{q) is 
the fourth invariant of /^ (Art. (103)). 

This solution is definite (Art. 15), provided q does not lie upon the critical curve 

^,(9) = (435). 
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To exhibit the nature of this cui*ve, obsei've that 

= S.F,{q) [piP,Pi] = S7F/ [ p^p,p,] = [ q, f,pi, f,p,, f,p,] . . (436) 
for all quaternions [piPzP^, [Pifa/**]* &c. ; or, in the notation of Art. G5, 

{{g,f{Piq),f{p-2qlf{Pzq),f{p,q))) = o (437). 

whenever (435) is satisfied. But we have seen that (437) represents a curve ot 
order m = 10 and rank r = 40 (278), which is common to all the quartic surfaces 
obtained by deleting one quaternion within the double brackets (436). 

The solution may be expressed in a more explicit form by means of the identity 

q{f{Piq)J{P^q)J{Pzq)J{P.q))--t±f{p,q){q,f{p,q)J{p,q),f{p,q)) . (438), 
so that we may write (434) in the form 

p{P)P2PtiP,) = t ±Pi{q. Ap^ql f{pzq)> fip^q)); t = j{q) . (439). 

109. When the point lies on the critical curve it is generally a united point 
of every function of a determinate two-system. 

In this case the solution of (433) is (Art. 15) 

pJ'{q) = tG,{q) + F,{p) (440); 

or P = G,{q)-\-xp„ f{poq) = 0, t = J' {q) .... (441). 

Thus p may be any point on the line joining the point Gq (q) to p^ — the Jacobian 
correspondent of q ; and consequently a determinate two-system exists, every 
function of which has q for a united point (compare Art. 123). 

110. Similarly for the conjugate four-system f''{pr)y a point r is a united point 
of a definite function, unless it happens to lie upon the conjugate critical curve 

F^{r) = (442), 

where Fr is the auxiliary function of fr {p) = f" ( p^), but we must observe that f^ 
is not the conjugate of f^. 

Now the reciprocal of a united point of/'' {pr) (the conjugate to r of f{pr)) is a 
united plane of the original four-system. And thus an arbitrary plane is the united 
plane of some definite function, but if the plane belongs to the developable surface 
(442) it is a common united plane of a definite two-system of fimctions determined by 

p = G;{r)-^xp,\ f"{por) = (443). 

Ten of these singular planes pass through an arbitrary point ; the order of 
the developable surface is r = 40 ; and the order of the cuspidal curve* is 
n = 3 (r — m) + ^ = 90. 

♦ • Three Dimensions,' Art. 327. 
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111. It is obvious from this theory that the united points of functions of this 
system compose definite tetrads, so that one point of a tetrad being given the 
remaining three are generally determinate. 

In fact (434) is a quartic transformation connecting united points q with the 
auxiliary points ^, so that one point p corresponds to one point 5^, while four points q 
correspond to one point p. For a given point p^ these four points are by (434) the 
intersections of the quartic surfaces, for arbitrary quaternions Z, 

sZii> s/^p "" S/3P " ^i^ ^ ^* 

But these surfaces have a common curve (435) ; and three surfaces having a 
common curve intersect in 

ILvp — m(/x + i/-|-p — 2) + r (445) 

points not on the common curve, and this number is 4 when /x = 1/ = p = 4, 
m = 10, r = 40, as in the present case. 

112. The locus of points ^^p" determining functions, each of which hcts a united 
point on a given line, is a unicursal twisted quaHic. 

When we replace 5^ by g' + xq^ in the second form of (434), we may write 

i> = (i>oi>iPaP8PJC^> 1)* = -Px (446), 

and the form of the equation establishes the proposition. 
In like manner we have 

^=(ViWJ^> !)*=«* (447). 

113. For every intersection of the line with the critical curve, tlie quartic breaks up. 
If X is the value of the scalar x for a point on the critical curve, ^v and ^^ both 

vanish, or 

= {piylhPzPzpJS^\ 1)*. = (Vi¥3^J^> 1)' . • . . (448). 

We may employ these equations to eliminate p^ and t^ from (446) and (447) ; and 
discarding the factor a; — x', we find 

P = {Ap'xP2P'-:i^^f. t = {t\t\t\t'Jx\f .... (449). 

The locus of ^^ is now a twisted cubic, and the discarded factor corresponds to a line 
of the nature of those of Art. 1 09. 

When the line qq' meets the critical curve twice, the locus is a conic and a pair of 
lines. If the line is a triple chord, the locus is one line of a new type and three lines 
of the type already mentioned. Finally, for a quadruple chord, the quartic reduces 
to a point and four lines, as we shall see immediately. 

But first we notice that the arguments of Art. 110 apply, so that we may write 
down the equation of the quartic curve whose points determine functions, each of 
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which has a united plane through a given line. If the line lies in one or more of the 
planes of the developable (442), the quartic degrades in the manner explained. 

114. Otherwise we may say that (446) and (447) determine a system of functions 
f{psq) — t^q which destroys the line q + xq' point by point. Or counting unity as 
one fiinction, it may be said that a five-system is required to destroy a line point by 
point. However, when the line intersects the critical curve once, twice, or thrice, it 
can be destroyed seriatim by a four-, three-, or two-system of functions. For example, 
in the case of triple intersection we may write 

PT=PifO+ p^, t, = t^ + t^; f{l\x + p^, q'x + q)- (t^ + ^i) {qx + (/) = (450) ; 

and, going one step fiirther, in the case of a quadruple chord 

f{Po^^'^ + <l)=t^W^+q) (451). 

Thus a quadruple chord of the critical curve is a line locus of united points of 
a determinate function. And because the number of quadi-uple chords of a curve is 
(* Three Dimensions,' Art. 274) 

JL(_ ^^4 + 18^3 - 71wr + 78m - 48wA + 132/1 + 12A-) . . (452), 

or 20 for m = 10, A = 25, we learn that twenty functions of the four-system have line 
loci of united points — quadruple chords of the critical curve. 

The formula (314) gives 80 as the order of the surface of triple chords. 

115. The locus of a point which determines a function having a united point in a 
given plane is a sextic surface. 

The functions Hp, Gp and F^ being Hamilton's auxiliary functions for fp{q) =f{pq\ 

the relations 

HA<l) = t'q; Gp{q) = tf^q; Fp{q) = t^^Ui. .... (453) 

are satisfied, provided q is a united point off{pq), t\ f and f being suitable scalars. 

If q lies in a given plane, these equations, with that of the given plane, afford the 

relations 

S(y^ = 0, S(/i/;(0=O, 8^6^/(0 = 0, S(iF;(Z) = . . (454), 

linear in q and of orders 0, 1, 2 and 3 \\\ p. Expressing that q is a conunon point, 
we have the equation of the sextic surface 

(i, H^{i\ g;{ii f;{1)) = o ...... (455). 

116. The sextic surface has a double cm^e of the seventh order answering to pairs 
of united points in the plane. . 

If the first, second and thiid of equations (454) regarded as planes in q intersect in 

a common line, the fourth plane wiU also pass through that line. The condition for 

a common line is 

u1^vH;{1)'\'wG;{1) = (456), 



PROFESSOU C. J. JOLY ON QUATERNIONS AND PROJECTIVE GEOMETRY. 207 
where v, v and iv are certain scalars. Opsrating on this hyfp, we have by Ai-t. 6 

n{r"ii>)-H;)i + v{i"{p)-G;)i-\-ru{rip)-F;)i = o. . (457), 

remembering (Art. 103) that i'"(^), I'^ {p\ i' (p) and /(^j)) are the invariants of /],'. 
But this relation gives Fp (l) linearly in terms of Z, /// (/), G/ (/), and therefore, as 
asserted, the fourth plane will also pass through the common line. 
Hence it appears that (456), or its equivalent 

[f, 11; {I), G^;(0] = (458), 

represents a double curve on the sextic (455) ; for if /> is any point on this curve, not 
only will (455) be satisfied, but the equation of the tangent plane at that point will 
also vanish, since every set of three quaternions included in the brackets of (455) is 
then linearly connected. The order of this curve is 7, by Art. 64. 

Moreover, (456) expresses that a united line of the function fp passes through the 
point Z, or, reciprocally, that a united line of the function^ lies in the plane S/f? = 0. 

117. lite point detemiinitig the function for which the plane is a Xinited plane 
is a tnple 2>oint on the sextic. 

If pQ is this point, and if fj, fn, t^ are the roots of the function f{p^q) answering 
to the united points in the plane, it follows from the fundamental properties of the 
auxiliary functions that. 

//,, (/) = tt, . U G,, {/) = XU, . I, F,, (/) = t,U, .1 . . (459) ; 

and consequently the tangent plane and the polar quadric of the point p^^ to the 
surface (455) vanish identically. The point is therefore a triple point. 

118. It may be noticed that in terms of a, 6, c, any three points in the plane, 
the triple point is 

i>o = [/(/«), /» /(/'-•)] (460); 

also in terms of these three points, if Z = [ahc'jy 

JT;{1) = 2[/(pa), &, c], G;{l)^l\a,f{ph),f{pS)l 

^y(0=[/(i>«)./{i>/'),/(2>c)] (461). 

Consequently if «/ =s xa + y6 -|- zc, we may replace the system of equations 
(454) by 

xX -{■ yY -\- zZ = 0, xX.2 + yYo + zZ.=:Q, xXs + yY^ + zZ^^O. (462), 

where 

X =So7V(Z) = (a,/(ixO,6,c); 

X = S«(?/(0 = {a,f{pa),f{ph), c) + (a,/{pa), h,f{pc)) ; 

X, = SaF;{l) = {a,f{pa),f(pb),f{pc)) (463); 

and y, Yzy Y^ and Z, Z^, Z^ may be written down from symmetry. 
VOL. cci. — A. 2 Q 
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Moreover, wheu we specially select the points a, &, c as the united points of the 
function fipoq)^ ^^d when we form successive polars of^Q with respect to JT, X;, and 
X^y we find (Art. 97) in terms of the latent roots t^, t^, t^ corresponding to a, h and c, 

Sjt>oD.X = 0, ^p^D.X, = {t, + t^)X, {^p^T)YX^ = 2t^tX^ . (464), 
l)ecause 

s^oi>-J'3=(«./(i>o«),/(i>&)./(pc))+(«./(F^)'/(i>«&)./(;><^0)+("J(F0./(;>&)./(^^^^^ 

= t,{a,f{pa),b,fipc)) + t,{a,f{pa),f{pb),c) (465), 

and similarly in the other cases. 

Thus the equation of the sextic may be written in the form 

X Y Z 



X^ ^2 ^2 



= 0. (466), 



= (468); 



^3 ^3 ^3 

and the third polar of the point Pq is 

(^2 - ^3) (^3 - «i)*(^i - ^2) XYZ = ...'.• . (467). 

Thus the tangent cone at the triple point breaks up into three planes. 
In the same notation the double curve is represented by 

I X T Z 

and forming the polars, the point p^ is seen to be triple and 

X Y Z ! 

1 = 0. . . . (469) 

{h + t,)X, {t, + t,)Y, {t, + f,)Z ' 

represents the system of tangents at the triple points — the lines of intersection 
of the planes X, Y and Z. 

We may add that the equation of the cone, vertex 2>^J, standing on the curve is 

(^2 - U) XYZ. + {t, - t^) XYZ^ + (fi - g XYZ. = . . . (470). 

119. This surface resembles a Steiner's quartic in many particulars, but it is a 
degraded case of the general surface 

r> = {xyzY . (471), 

where {xyzY is the general quaternion function of three homogeneous scalar 
parameters x, y, z. The general surface is of the 16th order. The Steiner quartic 
may be written p = {xyzY, a general quaternion quadratic fimction of a:, y, r. 
Surfaces of this type arise from the general transformation 

P=f{<h'h-'<1) (472) 

of the 7/th order, being the transformations of planes. 
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The twisted quartics of Art. 112 correspond to the conies on the Steiner quartic. 
The sextic surface contains ten lines corresponding to the ten points in which the 
plane intersects the critical curve of the tenth order, for to every point on that 
curve corresponds a two-system of functions or a line in the space p (Art. 109). 
Again, the sextic contains an infinite number of twisted cubics corresponding to the 
lines in the plane which pass through one of these ten points (Art. 113); and it 
likewise contains 45 conies answering to the connectors of these points. More 
generally (Art. 113) a conic through five of these points transforms into a twisted 
cubic, and similarly for other cases. 

120. When we express that the twisted cubic (449) is plane, the condition 

(i>'o.p'i.i>'a.i>'s) = (473) 

is of the tenth order in q and of the sixth in q^ which latter point we may suppose 
to be on the critical curve. This condition will then represent a cone of the tenth 
order of the lines through the point q which transform into plane curves in the 
p space. But this cone must consist in part of the cone of the ninth order containing 
|ihe critical curve. The remaining part is a plane, and every line in this plane 
through q transforms into a plane cubic. 

In particular, an arbitrary plane cuts the critical curve in ten points and intersects 
ten planes of the type just mentioned in lines which transform into fdane cubics on 
the sextic surface. Here again is a point of similarity with the Steiner quartic, for 
the plane containing one of these cubics cuts the sextic again in another cubic. 

121. Corresponding to a plane [p^p^P^ ^ thejp space there is a Jacobian quartic 

{<lJ{P^<l^ f{m\ fiPzq)) = (474) 

in the q space, the locus of united points of functions of the three-system determined 
by points in the plane. All these quartica intersect in the critical curve (437). 
In like manner to a line in the p space corresponds the twisted sextic curve 

[qJiPiq), f{p2q)] = o (475), 

the locus of united points of a two-system. 

The locus of Jacobian correspondents of points in the plane is the sextic curve 

UiPiq), f{P2<i), /{p^q)] = o (476). 

Now any one of these sextics is the residual of the critical curve in the intersection 
of a pair of Jacobian quartics, and a curve meets its residual in t points, where 

r + i = m(/x + i/-2) (477). 

In particular for r = 40, iti= 10, ijlz=z v •=, 4, we have t = 20 ; and so there are 

2 Q '4 
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twenty intersections, but I propose to show that these iu reality correspond to ten 
contacts. 

Take, for example, the curve (476), and let q^ be a point of intersection and take 
Py to be the Jacobian correspondent of q>, so that/(^>|, r/j) = 0. Then the tangent to 
the curve at <7i is 

[filhql /Ov/i). f{P.<h)] = (478). 

But this tangent lies in the tangent planes at the same point to the system of 
quartics {f{p\q)yf{poq)yf{psq)^f{2h9) + ^^l) = 0, where u is arbitrary, and as these 
quart ics contain the critical curve, the sex tics touch this curve where they meet it. 

122. Hence, the locus of the Jacobian cor respond evts of points on the critical curve 
is a curve of the tenth degree ; for in the plane [piJhP-d] there are ten points which 
are Jacobian correspondents of points on the critical curve. 

The Jacobian qnartic of the j)lane [j^iP^jy^^ contains ten lines. 

The tangent plane to the Jacobian quartic at a point on the critical curve, coire- 
sponding to one of the ten points just mentioned, intersects the plane of Art. 120 in 
a line which transforms into a plane cubic on the sextic surface into which the 
tangent plane to the quartic transforms. But the quartic transforms into a tangent 
plane to this sextic, and therefore contains the cubic, consequently the quartic 
contains the line. 

123. We shall now consider the orders of the surfaces and curves into which given 
surfaces and curves are transformed by the relation connecting p and q (434). 

With an arbitrary surface Q = in the q space is associated a complementary 
Q' = 0, so that the points of the two surfaces compose tetrads of united points of 
functions of the four-system. These two surfaces, of orders m and m' respectively, 
transform into a common surface of order n. 

An arbitrary line in the p space cuts the surface (n) in n points, and to these 
correspond 4/2 points in the q space situated on a sextic curve (475). This curve cuts 
the surface Q in Gm points, and these are generally united points of 6 m distinct 
functions, because the surface Q is arbitrary. Hence n = 6m. 

Again, the sextic cuts the surface Q' in 6m' points, but these fall into triads of 

united points complementary to the 6 m points. Hence n = ^ 6wi' ; and we have the 

complete formula 

n = 6m = 2m' (479). 

More generally, if the surface Q is wholly composed of sets of v united points, 

6^^ 6m' .^. 

There is a case of exception for a Jacobian quartic (q, fipiq), f{lM)y fip^fl)) = 
which transforms into a plane and not a surface of the sixth degree as (480) would 
give for i = m = 4. But here the sextic curve cuts the quartic in 4 points and 
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touches it in 10 points on the critical curve (Art. 121), and the four points correspond 
to the intersection of the line with the plane in the }) space, while to the ten points 
correspond lines of the type mentioned in Art. 109. We learn, therefore, that an 
arbitrary right line in the p space intersects ten of these lines, and that they compose 
a critical surface of the tenth order. This is otherwise justified from the considera- 
tion that an arbitrary quartic transformation converts a plane into a surface of the 
sixteenth order; and the fact that a plane transforms into a sextic shows that a 
critical surface of the tenth order has been discarded. 

The equation of the complementary of the Jacobian J (q) = will be found in 
Art. 127. 

124. In like manner, taking an arbitrary curve in the q space of order M, let its 
complementary be of order M', and let both transform into a curve of order N. The 
curve, being arbitrary, will not intersect the critical curve, and the 4M points in which 
it cuts the quartic, transformed from an arbitrary plane in the j>> space, will correspond 
point for point to the N points in which the transformed curve cuts the plane. Thus 
N = 4M. 

Consider further the intersections of the curve and its complementary with an 
arbitrary surface (m) and its complementary {m'). The curve meets the complementary 
of the surface in Mm' points, and the complementary of the curve meets the surface 
in Wm points. In general, each point of one set corresponds to one point of the 
other set, and the two sets compose pairs of united points. Thus Mm' = Wm, or 
M' = 3M by (479) ; and accordingly we have the complete formula 

N = 4M = -^-^*' (481). 

o 

The whole set of points of intersection of the curve and surface and their com- 
plemeiitaries is arranged as follows : — The Mm points unite with 3M.m of the Wm' 
points in Mm tetrads. The M/2i' points and the Wm unite with 2 {Mni + M'm) of 
the M'm' points to form tetrads, and thus by (481) and (479) all the M'm' points are 
exhausted ; and there are but 4Mm (= Mm + Mm' + M'm) tetrads. But the curve 
(N) intersects the surface (w) in N>i = 4M X 6m points, and consequently there 
remain over 20 Mm points, which are critical points on the transformed curve and 
surface. These points evidently must lie on the critical surface of Art. 123. 

When a curve is wholly composed of pairs of united points, the order of the 
transformed curve is N = 2M, and from symmetry the order of the complementary is 
M' = M. 

An arbitrary surface and its complementary do not intersect in a curve wholly 
composed of pairs of united points, though of course the curve of intersection will 
contain all the pairs of united points which lie on the surface. It does not seem to 
be easy to assign any general relation connecting the order of a curve of this nature 
with that of its transformed curve. Thus 7 is the order of the curve transformed 
from the cubic intersection of a plane with its complementary (Art. 116). 
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125. We may account for the curve of intersection of the pair of sextics derived 
from two arbitrary planes in the following manner. 

Call the two planes P and P', and their complementary cubics C and C. The 
complementary of the h'ne (PP') forms part of the intersection of the cubics C and C, 
and this curve is a cubic (481). There remains, therefore, a sextic as part of the 
intersection of C and C The complementary of the cubic curve (PC) is a curve of 
the ninth order, part being the cubic (P'C), and the remaining part the residual sextic 
on C and C. This sextic is wholly composed of pairs of united points. The line and 
its complementary cubic transform into a common quartic. The cubic (PC), the 
cubic (P'C) and the residual sextic transform into a common curve of order 
3x4 = 2x6=12 (compare the last article). Thus we can only account for a 
curve of order 16 (= 4 + 12), and the sextics consequently intersect in a singular 
curve of order 20. 

126. The complex of lines joining pairs of miited points is of the fourth order. 
If a and 6 are any two points on a line joining united points, 

f{p,a) = xa + yb, f{p,b) = za + wb (482), 

where p determines the function. The theory of quaternion arrays allows us to 
write the condition that these two equations should be simultaneously satisfied in 
the form* 

V(^i«) /(^2«) /(^3«) /(^4«) a /> 0^ 



J{e,h) f{e,h) f{e,b) f{e,b) 



j^ = . . (483) 
a bj 



where e^ e^, eg, e^ are arbitrary quaternions ; and by the rules of expansion of arrays, 
this equation is equivalent to 

t±{f{eialf{eM),a,b) {f{e,b),f{e,b),a,b) = . . . (484), 

where the signs follow the rules of determinants. As this is of* the fourth order in 
a and b, and also combinatorial with respect to both, it represents a complex of the 
fourth order. 

127. By (433) and (434) we have 

f{pq) = qJ{q). p = F,{q) (485); 

and throughout this article we shall suppose p expressed as a quartic function of q. 

One root of the latent quartic o{ f{pq) is thus equal to J (q), so that when we 
substitute in the equation of that quartic (Art. 103 (420)), we have identically 

J{qy''J{qrr^{p) + J{qf.r{p)^J{q)r{p) + Iip) = . (486). 

* The equations of the various assemblages of chords of Art. 113 may also be discussed by the aid of 
arrays. 
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The direct interpretation of this identity is that the transformation converts the 
Jacobian I(p) = into two surfaces, one being the Jacobian J(q) = and the other 
the surface of the twelfth order 

J{qf-J{qfl'"{p) + J{q)l"{p)-I'{p) = . . . (487). 

This surface is the locus of three of the united points of functions which have a 
zero latent root, the fourth united point lying on the Jacobian J{q) = 0. 

The critical curve is triple upon this surface, and the surface meets the Jacobian 
again in a residual curve of the eighteenth order, which is the locus of united poinU 
eoi^resporiding to a douhle zero root 

128. Making the substitution s = t — J{q) in the latent quartic of the function 
f{P> 9) *^® equation reduces to 

s* + s^ {4J{q) - I'" (p)) + ^ {6J{qy - Si'" {p) J{q) + /" (p)) 

+ *• {iJ{qf - 3/'" (/)) Jiqf + 21" (p) J{q) - I' (p)) = . (488). 

A second root of the original quartic is equal to J{q) if 

AJiqy-Sr"{p)J{qy- + 2l"{p)J{q)-r{p) = . . . (489), 

and this is the locus of united points which correspond to double latent roots. This 
surface is of the twelfth order, the critical curve is a triple curve upon it, and it 
meets the Jacobian in the same curves as (487). 

The locus of united points corresponding to triple latent roots is the curve of 
intersection of this surface with the surface of the eighth order 

6j{qf-^r"(p)J{q) + I"{p) = (490). 

But the critical curve is double on this surface, and accordingly it counts six times 
in the intersection, so that the locus of triple united points is a curve of order 
36 (= 8 X 12 — 6 X 10). 

129. Further, quadruple united points are the points common tx) the surfaces (489), 

(490), and 

AJ{q)^r^p) = (491), 

which do not lie upon the common critical curve. 

In order to calculate the number of these quadruple points it is necessary to find 
the number of points common to the critical curve and the curve locus of triple 
points. Now 24 (=4X3X2) functions have triple zero roots, this being the 
number of points common to the surfaces I(p) = 0, F (p) = 0, F^ (p) = in the p 
space ; and the curve locus of triple points being of the 36^^ order meets J(q) = in 
144 points. Subtracting 24, there remain 120 points on the critical curve. 

Tho triple curve therefore intersects (491) in 24 quadruple united points, and in 
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120 points on the critical curve; and thus ttcoity-four functions of the system hace 
four equal latent roots and four amlesced united points. 

130. Again, suppose that two roots of (488) are zero and that the remaining two 
are equal. In this case 

8j(#-4j(r/)l"'(;>) + 4l"(/,)-l'"(;>)2 = . . . (492); 

and this equation, combined with (489), gives a curve locus of order 36 (= 8 X 12 
— 2 X 3 X 10), which is the locu^ of nnked point :> of functions ivhose rcots are equal 
in pairs. 

We have now outlined the general theory of the four-system, but in a later section 
some supplementary remarks will be made on tills subject. 
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132. A line transforms generally into a conic, but into a line if it is a connector of points 

of an octad, or (what is equivalent) of Jacobian correspondents f{pg) = 0. 
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131. The arrangement of connectors and Jacobian correspondents in a plane 306 
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connectors 310 
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131. The general quadratic transformation in space is represented by the equation 

P^fi<l<l) (493), 

in which it is obviously permissible to regard the bilinear function as permutahle, or 
the four linear functions (409) as self-conjugate. The transformation involves 40 
constants. 
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To a plane in the p space corresponds a quadiic, or 

S'p = 0, S/f{qq)z=0 . (494) 

transform one into the other ; and thus to one point p correspond eight points q — 
the intersections of three quadrics — and to one point q corresponds in general one 
point p. 

We use the word octad to denote the group of eight points corresponding to p. 

132. The right line q = a + tb transforms into the conic 

p=/{aa) + 2tf{ah) + tY{bb) (495), 

and f{aa) and f\bb) are two points on the conic, while f{ctb) is the pole of their 
chord. 

The condition for the collinearity of these three points is 

[/("«). /(«&), fim = (49G) ; 

and this equation may be replaced by 

f{aa) + {x + y)f{ah) + xyf{bb) = 0, or /(a + xb,a + yb) = . (497) ; 

and this expresses that the original line joins Jacobian correspondents. Thus lines 
joining Jacobian correspondents tranffform into lines. 
In this case (Art. 104) of the permutable function, if 

/(nO = 0=/(r'r) (498), 

the points r and ?•' are conjugate to every quadric of the system (494). 
We may replace (498) by 

f{r±t/,r±ti')=/{rr)+t'f{//) (499), 

or points harmonically conjugate to a pair of Jacobian conespondents transform into 
a single point 

Thus we may speak of the rays of the assemblage of lines represented by (496) as 
connectorSy (1) of a pair of Jacobian correspondents, (2) of a pair of points of an octad, 
(3) of an infinite number of pairs of points of octads. 

It is evident that when two points of an octad coincide, they unite on the 
Jacobian ; and that every point on the Jacobian is the union of a pair of points of an 
octad. 

133. The Jacobian correspondents transform into limiting points^ separating the 
p>oints derived from real from those derived from imaginary points. 

The points on the transformed connector 

p=f{n^)^'Sf{yr) (500) 

VOL. CCI. — A. 2 R 
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are transformed from the points r ± \/s / ; these latter are real if 5 is positive ; 
otherwise they are imaginary. 

To discriminate between the outer and the inner region on the line (500), observe 
that the vectors from the centre of reciprocation to the limiting points are 

f" Sf{rr)' ^ S/(rV) ^^"^^' 

and that the vector to the point p is 

OP - Tf(r r) + sYf(r y) _ pS/-(rr) + ^p 'S/-(//) , . 

S/(rr) + «S/(//) S/(r7-) + *S/(r'r') ' * ' ^^"^^^ 

The point P lies on the inner region if S/ {r7') and sSf ( r'?*') are of like sign ; and 
the inner region corresponds to real points if the points r and r are either both 
inside or both outside the quadric 

S/(?g) = (o03). 

This quadric is the locus of points projected to infinity ; it may of coui-se be 
imaginary, so that Sf{rr) and S/' (?•'/•') are essentially one-signed if r and ?' are real. 
In this case the region is always inner. If the quadric is real, the points r and r^ 
(if real) cannot both lie inside, for they are conjugate to it. The nature of the 
intersection of a line with this quadric controls the nature of the conic into which 
it is transformed. 

134. The locus of the Jacobian correspondents of points in a plane is a sextic 
curve, and for the permutable function this sextic cuts an arbitrary plane in points 
which correspond in pairs. There are therefore three connectors in a plane. 

The vertices of the triangle of connectors belong to the same octad ; for if q^ is one 
vertex and q^ and ^3 the points, one on each of the connectors through q^, which 
(Art. 132) belong to the same octad as q^, then qc^ and q^ belong to a common octad, 
and their line is a connector — the third connector in the plane. 

We may suppose the weights of the points q^, q^ and r/3 chosen so that the 
Jacobian correspondents are 

<i2±<Is> <i3±qu <li±^2 (504), 

the vertices of the triangle being (Art. 132) harmonically conjugate to these points 
in pairs. 

135. Let the eight quaternions which represent points of an octad have their 
weights chosen so that* 

Pu=/(^i9i)=/(^M'2) = &c. =/((/sgs) (505), 

* It follows from Art. 132, that this convention is the same as that made at the end of the last article. 
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and let the twenty-eight points/ ((7 i^g) be denoted by 

i>12=/(9ig'2). &C. i>78=/(?7?8) (606). 

It may be remarked that these relations lead to 

± 2v/^n'_p,2 =/(g, ± yT^Tq,, ' q, ± V~^^q,) . . . (507) ; 

SO that the points (506), although real, if the points of the octad are real, have been 
transformed from imaginary points, and consequently do not lie in the same region 
(Art. 133) as the point jJq. 

The Jacobian correspondents transform into Pq dii>i2) ^^* 

136. A plane transforms into a Steiner's qv^rtic. 
In the notation of the last article, the plane 

? = h^V + ^2?2 + ^39^3 (508) 

transforms into the surface 

P = Po ih' + h^ + h') + 2^23^3 + 2^31^3^, + 2p,^t,t^ . . . (509) ; 
and if we write the identity connecting the five quaternions in the form 

p = p^iv + p^x + p^^y + p^cfl (510), 

comparison with (509) gives 

2xy2ti; = y V + 2 V + xy (511) 

on elimination of the parameters t This is the scalar equation of the surface (509), 
and the existence of the three intersecting double lines (y, 2 ; 2, ^ ; and a;, y), which 
characterize a Steiner's quartic, is manifest. 

Evidently the three connectors transform into the double lines ; and the points 
Po :k.P'2%yPo ii>3i, l>o ii?i2 separate (Art. 133) the lines into regions intersected by 
a pair of real and a pair of imaginary sheets of the surface.* 

137. The nature of the surface into which a plane transforms may be established 
from purely geometrical considerations. A tangent plane to the surface transforms 
back into a quadric touching the plane, that is, cutting it in a pair of lines. These 
lines transform back into conies in the tangent plane and on the surface. One point of 
intersection of these conies corresponds to the point of intersection of the lines. 
The other three points must result from the union of pairs of points of octads, and 
therefore the lines must cut the sides of the triangle in points harmonically conjugate 
to the Jacobian correspondents. The conies consequently intersect the lines into 
which the three connectors transform, and these three lines must be double. In terms 

* It is easy to verify this by determining the greatest and least value of hh (^^ + V)"^ for real values of 
it and /s. Compare (509). 

2 R 2 
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of the parameters, the equations of a pair of lines transforming into conies in a 
common plane must be 

u,t, + u,t, + u,t, = 0, A + <2+J3^o (512); 

W| 1(2 t/g 

this is a consequence of the harmonic section. Two lines thus related may be said to 
be conjugate, and there exist four self-conjugate lines 

ti±t,±t, = (513), 

any one of which transforms into a conic having i-ing-contact with the quartic. The 
planes of these four conies transform back into cones, touching the plane along the 
self-conjugate lines. The self-conjugate lines join triads of non-corresponding 
Jacobian points, such as ^'^ + qo, q^ + q^^ 9^3 "" ?i« 

It is easy to see that the four conies are inscribed to the faces of a tetrahedron, 
and that each touches the other three. Consider, for example, the conies transformed 
from the sides of the triangle, q^ + ^3, q^ + q^, q^ + q^- The ecjuation of one conic is 

p =f{q^ + ?3 + < (5^3 + qil q^ + q^+t {q^ + qi)) 

= ^{Po + P2,) + 2t{Po+Pits+P,i+Pi2) + ^tHPo+Psi) . . (514); 

and this shows that the conic passes through a limiting point on each of two of the 
double lines ; and as the pole of the chord is symmetrical with respect to the suffixes, 
it is likewise the pole of corresponding chords for the conies into which the other 
sides of the triangle transform. 

It is not difficult to prove that every line in the jjlane through one of the six 
Jacobian points transforms into a conic having a fixed tangent. The tangent for 
the point qi + q^^ 

P=Po+Pi-. + HP'2S+Psi) (515). 

138. Let a connector meet the Jacobian in the points a, a', h and c, a and a' being 
correspondents so that/(aa') = ; let 1/ and c' be the correspondents of h and c ; and 
consider the points of an octad in the plane [6'aa'J. The two connectors aa^ and bU 
in this plane intersect in the point h, and as h is its own harmonic conjugate with 
respect to 6 and h\ two sides of the triangle of Art. 134 unite in the line aa\ Let 
6, be the harmonic conjugate of b with respect to a and a', then b^ is a vertex of the 
infinitely slender triangle, the remaining two being the point b counted twice. 
(Compare Arts. 132 and 134.) 

The point 6^, being the intersection of tlie connector aa' with a consecutive 
connector, is a focal point on the ray aa' of the congruency (496) ; and similarly r^, 
the harmonic conjugate of c to a and a\ is the second focal point ; and by 
Hamilton's theory the ray touches the focal surface at these two points.* 

* This theorem of the construction, of the focal points is an extension of Mr. Russell's theorem for the 
congruency of lines joining corresponding points on the Hessian of a cubic surface. E. Eitssell, 
"Geometry of Surfaces derived from Cubics," *Proc. Eoy. Irish Acad.,' vol. 5, p. 464. 
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In this case the plane transforms into the surface 

= h'/m + iim>) + t.^fm') + ^ktj{h^') + 2t,tj{hh) . (s 1 6), 

and if we take (as we may) f{hh) =/(6/;^), the scalar equation of the surface takes 
the form 

4.xy^w = 4x^2^ + y*, where w = t^^ + </, x = ^3^, y = 2t^t^, z = 2«i/2 (517). 

On comparison with (511) we see that two of the lines of the Steiner*s quartic have 
united ; for a; = we have the line a:, y counted four times. 

139. By a process similar to that of Arts. 123 and 124, but much simpler, we can 
determine the order {W) of the complementary of a surface of order m, and the 
order (n') of the surface into which both transform. The formula is 

4m 4m' /cio\ 

where V is the number oi points of octads of which the surface is wholly composed.* 
And this formula is proved without trouble, remembering that a line in the p space 
transforms into a twisted quartic — the intersection of two quadric surfaces. 

In like mannerf for a curve (M), its complementary (M') and its transformed (N), 

2M= 2M'_j^ (,j,) 

Thus the complementary of a connector is a twisted cubic 4 the complementary of a 
plane is a surface of the seventh order, which cuts the plane in the triangle of 
connectors and in a quartic — probably the four lines of Art. 137. 

The formulae of this article are not directly applicable to the Jacobian, which is a 
critical surface of the transformation. The twisted quartic into which a line in the 
p space transforms, cuts the Jacobian in 16 points and does not in general touch it. 
For if it did the twisted quartic would have a double point. Consequently, the 
Jacobian transforms into a surface of the sixteenth order. Every point on the 

* For the general transformation of order /a, the relation is 

t For a transformation of order /x, 
X For example, 

1 •< n ^Ifn 1 -f^n \ 'Jn 

is the equation of the twisted cubic through six points ^1, go . . . q^^j and it is not difficult to verify that 
this curve and the line q=q7 + tqs transform into a common line p ==jpo + (pra if the eight points form an octad. 
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Jacobian is the union of a pair of points of an octad (Art. 132), and therefore the 
complementary surface is composed of hexads of points of octads, and its order is 
consequently 24, or six times that of the Jacobian, because the quartic cuts it in a 
hexad for every point of intersection with the Jacobian. 

140. The complementary of the Jacobian is the focal surface of the congi'uency of 
connectors.^ 

When two points of a set transforming into a common point approach coincidence, 
they close in on the Jacobian, and simultaneously the remaining points of the set 
reach the complementary surface. Through any one of these remaining points two 
consecutive connectors pass ; and therefore, by Hamilton's beautifiil theory, the 
remaining points are focal points on the rays connecting them to the coincident 
points. 

Every ray touches the focal surface in two points — the two focal points on the ray ; 
and for a quadratic transformation it cuts that surface in twenty other points. ITiese 
twenty points are harmonically conjugate in pairs to the Jacobian correspondeiits. 
For (Art. 132) the harmonic conjugate of any one of the points belongs to the same 
octad as that point ; but the focal surface is complementary and is wholly composed 
of hexads of points of octads, and therefore the harmonic conjugate is also on the 
focal surface. 

141. The focal surface of the transformed connectors is the transformed Jacobian. 
On transformation the harmonic conjugates on a connector unite. In the notation 

of Art. 138, the point b and the focal point b, unite in a focal point of the trans- 
formed connector, for through b^ pass two consecutive connectors which transform 
into consecutive connectors through f{hf}). Similarly the points c and c, transform 
into the second focal point and the transformed Jacobian is consequently the focal 
surface. The twenty points of the last article transform into ten points. The 
Jacobian correspondents a and a' transform into limiting points (Art. 133). Thus we 
have accounted for the sixteen points in which the transformed connector meets its 
focal surface. 

The class of the transformed Jacobian is n' = 4. In the p space draw a plane 
through an arbitrary line to touch the surface. This plane contains a pair of 
consecutive transformed connectors, and on passing back to the q space it becomes a 
quadric containing consecutive intersecting connectors. This quadric is therefore 
a cone. The system of planes through the arbitrary line transforms into a system of 
quadrics through a twisted quartic, and four of these quadrics are cones. To these 
four cones correspond four tangent planes to the focal surface through the arbitrary 
line. Hence we may write down the equation of the reciprocal of the transformed 
Jacobian. The condition that the quadric Slf{qq) = should be a conet is 

* This theorem is true for the connectors of a set of points to a coincident pair of the set for all 
transformations. 

t lif{qq)^^SqAq, then /' {lq)^2MSla,. 
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f'{k) = (520), 

where r is the vertex, for the tangent plane ^{f{qr) = S7/' (Ir) = must vanish 
identically. Hence the fourth invariant of/' (Ir) must vanish, or 

{/'{la), /'(lb), file), f'{ld)) = (521), 

and this is the equation of the reciprocal of the surface. 

Thus the transformed Jacohian is the reciprocal of a Jacobian surface, but one of 
less generality than those previously considered. We may replace (520) by four 
equations 

SZ/(m) = 0, S//(rfe)=0, S//(rc) = 0, Slf{rd) = . . (522); 

and because / is a permutable function, on replacing r by a:a -f- y6 + zc + wd and 
eliminating x, y, z and w, we obtain the symmetrical determinant 



S//(aa), SZ/(a6), S//(ac), Slf{ad) 

Wi^'^l WW^ S//(/>c), S/f{hd) 

S//(«c), Sl/ihc), S//(cc), Sl/{cd) 

s(/*(^^^)> WM^ W{<^^^ Wm 



= . . . (523). 



But (' Three Dimensions,' Art. 528) a surface, whose equation is a synmietrical 
determinant with constituents linear in the variables, has ten double points. This 
accounts for the class of the surface being 16 instead of36(=4(4 — 1)^). 

In the case in which the function is self-conjugate as well as permutable, that is 
when p, q and r may be transposed in ^pf{qf') in any manner, we have the theory of 
the corresponding points on the Hessian of the general cubic surface 

and Mr. Russell's paper may be referred to for various examples. 

142. The characteristics of the two congruencies are found thus. The order of the 

congruency of connectors is obviously /x = 7, as seven connectors can be drawn from 

an arbitrary point to the remaining points of the octad to which the point belongs. 

The class is i^ = 3, for three connectors lie in a plane. The order of the focal surface 

(Art 139) is M = 24. Its class is N = 1(5. This follows from the relation {' Three 

Dimensions,' Art. 510) 

M - N = 2 (/x - I/) (524) ; 

or independently by Mr. Russell's elegant method"*^ which is applicable in this more 
general case. 

For the transformed congruency, the order is /x' = 28 (Art. 135), the order of the 
focal surface is M' = 16, and its class is N' = 4 (Arts. 139, 141) ; and therefore (524) 
the class of the congruency is v' = 22. 

♦ * Proc. Hoy. Iiish Acail./ vol. 5, p. 473. 
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Consequently twenty-two connectors are generators of a quadric S//((/(/) = ; and 
in particular the polar quadric of a point with respect to a cubic surface contains 
22 generators joining corresponding points on the Hessian, 
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143. The relation /(/?</) = r establishes a one-to-one correspondence between the points/) 

and q when r is fixed 312 

144. The homograph of a line is a twisted cubic. A line breaks off for every intersection 

with a critical twisted sextic i%y (?•) = 312 

145. The homograph of a plane is a cubic surface intersecting the Jacobian / (/') = in a 

critical sextic i^p (7) = and a residual curve /'p (/) = 313 

146. The lines on the cubic surface. The schemes of the double-sixes and triple tangent 

planes 314 

147. Points on a critical sextic and their line homographs 314 

148. The complex of connectors of points with their homograph?, and the congruency of 

bi-connectors 3^15 

149. The C9ngruency of Jacobian connectors for the general bilinear function 316 

143. Writing generally 

f{pq) = r or \f{pq). r]=0 (525), 

and regarding ?' as a constant quaternion, a one-to-one relatic»n is established 
between the points p and q, so that one may be said to be the homograph of the 
other. 

This is equivalent to three relations of the form 

Spf,q = 0, Spf,q = 0, SpAq = (52G) ; 

and accordingly the bilinear function is not utilized to its full extent, but it seems 
to be the most convenient instrument for investigating the subject. 

144. We have generally in the notation of Arts. 107, 108, 

qI{p) = F,{r), pJ{<j) = F,{r) (527), 

and thus the critical curves of the transformation are 

7^,(7-) = and F,{r) = (528) 

respectively ; or (compare (437)) 

(('•./(P«X/(i>^')>/(M/(H)) = md{{r,f{aq),f{b<j),f{c.j),f{dq)))=0 . (529). 
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These curves are sextics, and because (528) may be replaced by 

U"{pr,),r{pr,),f"{pr,)-\^0, [/' Ov/), /'(»•//),/' (^a?)! = . (530). 

where [^'i^V 3] = 0, they may be described as the locus of Jacobiau correspondents 
of points in the plane reciprocal to the point r (424). 

As in Art. 109, when a point {q) is on the critical curve, its homograph is a line 

VJ'{q) = iG,{v)-\-F,{p), F,{r) = (531), 

and not a point; and as in Art. 112 the homograph of a line q + ^q is a twisted 
cubic 

P = {lhPiP2P^l^^f (532); 

and a line of the type (531) breaks off the cubic for every intersection with the 

critical curve. 

Thus, when the line is a chord of the critical curve, its homograph is also a line, 

so that 

{f{p + ^/>q + ^<l%r]=0 (533). 

Symmetry shows that }> + •'^p' must be a chord of the second critical curve. 

If the homograph of a line is plane, it is at most a conic. For the condition 
of planarity (compare Art. 120) 

{PoPiP'2Pz) = (534) 

is of the sixth order in q and in q\ and this equation represents a complex of the 
sixth order. But this complex can include nothing except intersectors of the 
critical sextic, for the cone of intersectors from the arbitrary point q is of the sixth 
order. 

The ruled surface of triple chords has been noticed in Art. 75. 

145. The homograph of a plane 

Slq = is SlF^{r) = (535), 

a general cubic surface through the critical curve. 
This cubic surface also passes through the sextic 

F;{1)=0 (53G), 

and it intersects the Jacobian I (p) = in this sextic and in the critical curve. 
The equation of the Jacobian may be written in the forms 

Sf;{l)F,{r) = 8Mr)F;{l) = I{p)Slr=.0 (537), 

and for I and ?% both variable, the curves F^ (r) = 0, F/ (l) = generate the Jacobian 
in a manner analogous to the double generation of a quadric. Since the rank of the 
sextic is r = 16 (Art. 64), the two curves intersect in 14 points (477). 
VOL. cci. — A. 2 s 
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146. It may be of interest to show how we can fully account for the lines on the 
cubic surface (535). Let the six points in which the critical curve F^ (r) = cuta 
the plane ^Iq = be denoted by the symbols 1, 2, 3, 4, 5, 6 ; and let (12), (23), &c., 
denote the fifteen connectors of these points. Further let [1], [2], . . . [6] denote 
the six conies that can be drawn through all but one of the six points. 

The curves and points represented by these 27 symbols travsfoi^n into the lines on 
the cubic. By (531) and (533) we account for the lines and the points. In general 
a unicursal curve transforms into a curve of thrice the order, but for every inter- 
section with the critical curve a line breaks off. Thus the six conies likewise 
transform into lines. 

Any pair of these loci, which intersect in a point which is not critical, continue to 
intersect after transformation, and this consideration enables us to write down the 
full scheme of double-sixes on the cubic surface. These fall into three types : — 

1 2 3 4 5 6 \ 

v[l] [2] [3] [4] [5] [6]/ 



I. 



11. 



1 2 3 (56) (64) (45)\ 

(23) (31) (12) [4] [5] [6]> 



TTT (^ [^1] (23) (24) (25) (26)\ 
• \2 [2] (13) (14) (15) (16)/ 

In these schemes, every line represented by a symbol in one row intersects every 
line in the other row, except that denoted by the symbol in the same column. There 
are thus 36 double-sixes ; one of the first type, twenty of the second, fifteen of 
the third. 

The schemes are easily obtained by taking two non-intersecting lines, say 1 and [1], 
when we have 

1 intersects (12), (13), (14), (15), (16), [2], [3], [4], [5], [6], 
[1] „ (12), (13), (14), (15), (16), 2, 3, 4, 5, 6, 

and, discarding the common lines, the double-six is found. In like manner the 
45 triple tangent planes belong to one or other of the types 

(1,[2].(12)) or ((12), (34), (56)). 

147. One or two relations respecting a point on a critical curve and its line 
homograph may be mentioned. Since the line (531) has a point for its homograph, it 
must be a triple chord of the sextic F^ (r) = 0. It meets this sextic in three points, 
Pi, P2j Psj ^^d intersects the Jacobian in a fourth point p^ or Fq (p). To the three 
points pi, p2y ,p^ correspond the three triple chords of the q sextic which pass 
through q ; and the homograph of every plane through the line p^, 2^2> P^ is a cubic 
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having ^ as a double point and containing the three triple chords which pass 
through q. 

The cubic homograph of any plane contains the critical sextic which counts thrice 
in its intersection with the octic surface of triple chords, and the remainder of the 
intersection consists of the six line-homographs of the critical points in the plane. 

The homograph of the surface of chords of the p sextic, which meet the line PiPzPz^ 
is the cone whose vertex is q and which contains the q sextic. 

The homograph of one sextic is the surface of triple chords of the other. 

One chord can be drawn to meet two non-intersecting triple chords in points not on 
the sextic. Its homograph is the line joining the homographs of these chords. 

The locus of the points F^ (p), the Jacobian correspondents of points on the critical 
curve, is a curve of the fourteenth order. For the octic surface intersects the Jacobian 
in the second critical curve counted thrice, and in a residual curve of order 14. 

148. Connectors of points with their homographs compose the complex of the 
sixth order 

ifippl f{pq)^ f{<ip\ ^) {f{p<i\ fiqpl f{qq)>r) 

= {f{PP\ Apql fiqq)^ r) {/(pp), /{qpl f{qq\ r) . (538), 
as appears on elimination of x, y, z and w from 

f{xp + yqy zp-\-ivq) = r. (539). 

Or in other words, this is the assemblage of lines which meet their twisted cubic 
homographs. 

The condition that two pairs of homographs should be on the same line is 

{iApplfipq)>f{qp\fM,r)) = o (540), 

for if two sets of values of x, y, z, w satisfy (539), the five quaternions included in 
(540) must be co-planar. Now (540) imposes two conditions on the line pq^ and 
therefore represents a congruency of lines ; and from the conditions implied in (540) 
we can select but two combinatorial functions with respect to p and q. These are 

{f{PP)JiM)>fiqp)J{qq)) = 0,ifipp),f(pq)+fiqp),f{qq),r)==0 . (541); 

and the congruency is therefore common to two complexes of the fourth and third 
orders respectively. But these complexes contain the congruency 

\.App)> fipq) +/{<ip)> /(??)] = (542). 

and this is foreign to the question, being, in fact, the congruency (496) of Art. 132 of 
connectors for the permutable function f{pq) + f{qp)- When this is rejected, there 
remains the congruency of connectors of two pairs of homographs, and its order and 

2 s 2 
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class are /i = 5(=4x3 — 7), i' = 9(=4x3 — 3), for the congruency (542) has 
been shown to be of the seventh order and third class. 

Equations (541) being supposed satisfied, they are equivalent to 

^'\f{PP) + ^if{p(l) + "'.-/((ZP) + ^izfiqq) = 0, 

^hf{pp) + vAf{pq)+fi<lP)) + v,f{qq) = r . . . . (543); 

and multiplying the first by t and adding it to the second, we find that t must satisfy 
the quadratic 

(Vg + til.) {Vo + tu'o) = {v^ + tu^) (t'3 + tu^) .... (544), 

if the sum can be reduced to the form (539). The roots of this equation lead to the 
determination of the two pairs of homographs. 

The bi-connectors of homographs which pass through a point are double edges of 
the cone of connectors of homographs, and those w^hich lie in a plane are bi- tangents 
to the curve enveloped by the connectors. This appears from the forms of the 
equations (538) and (540). 

149. The congruency of connectors of Jacobian correspondents is intimately 
connected with the theory of the last article. 

We have already considered the case in which the function is permutable, but 
matters now are much more complicated. 

The congruency may be expressed by 

App) + ^'/(pq) + ^'f{<lp) + ^^/(?(?) =0 (545), 

and it is obvious that it is included in the quartic complex, the first of (541), and it 
is easy to verify that it is also included in the sextic complex (538) and that r\o 
matter what quaternion " ?•" may he. Replacing uv by w in (545) and substituting in 
the equations of these two complexes we find that either iv = «v, or else the lines must 
belong to the congruency (540). In other words, the congruency of this article is 
complementary to the congruency of the last as regards the two complexes. But the 
rays of the former congruency count double as edges of cones or as tangents in 
planes. Hence the order and class of the congruency under discussion are 
/x = 14(=4 X 6-2 X 5), 1/ = 6 (=4 X 6-2 X 9). 

These numbers are exactly double the corresponding numbers for the permutable 
function, and as regards the class there is no difliculty in seeing how this arises. In 
general there are two sextic loci of Jacobian correspondents of the points in a plane 
(528), and the connectors in the plane join the six points of one to the corresponding 
six points of the other. For the permutable function the two loci coalesce, and the 
number of connectors is halved. 

Again, we may say that the lines of this new congruency through a point are fixed 
edges of the cone (538), and the lines in a plane fixed tangents to a sextic curve, 
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because they are independent of r ; the lines of the former congruency are double 
edges and double tangents. 

We proceed to determine the class of the focal surface. The equations 

ipqah) = 0, f{2>q) = (546) 

require a ray to intersect the fixed line a, h. Eliminating jK the equation of the 

locus of q is 

/('/'/) + ^/H) + KA/^) = 0, or [f{<I<j),f{aq),f{bq)-] . . (547); 

and this (274) is a curve of order vi = 11 and rank r = 48. But this curve is a 
complex curve consisting of the line ah and a residual which intersects it in four 
points on the Jacobian. The order and rank of the residual are 77i = 1 0, y = 40, 
the rank being diminished by twice the number of intersections. The number (r) of 
tangent planes through ah to this curve minus twice the number of intersections 
gives the number of planes through ah containing consecutive rays. Thus the class 
of the focal surface is N = 32, and its order (524) is M = 48. Every one of these 
numbers is double the corresponding number obtained in Art. 142 for the permutable 
function. 

For the sake of completeness we wish to show the nature of the assemblage of 
lines common to the complex (538) and the second complex (541), as we have already 
completely considered the lines common to the remaining two pairs. Evidently the 
congruency of bi-connectors belongs to these two complexes and is counted twice 
among their common lines. There remains an assemblage of lines of order 
^ = 3X6 — 2X5 = 8, and of class r=3x6 — 2X9 = 0. It is easy to prove by 
the method of this article that these lines join an arbitrary point to the eight 
correspondents of?' in the quadratic transformation f{pp) = r. 

SECTION XX. 
The Method of Arrays. 

Applications to n-Systems of Linear Fanctio7is» 

Art. Page 

150. The expansion of arrays and the determination of the scalar coefficients 318 

151. Conditions that a function of an n-system should convert m quaternions into m others 319 

152. Conditions for the conversion of m points into m others 319 

153. Conversion of lines and planes into others 320 

154. Relations connecting points with their transf ormeds when conditions must be satisfied. 

The three types 320 

155. The critical systems for fimctions of an w-system. The four types 321 

156. Conditions that a line may be destroyed by a single function of an ti- system . . . 322 

157. Conditions that a line may be destroyed point by point by an included m-system . . 322 

158. The various methods of destroying a plane. The destruction of a hyperboloid 

generator by generator 323 
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150. We shall illustrate the method of quaternion arrays* by a few examples on 
systems of linear functions. These functions may be supposed to be of the mo6t 
general kind, functions of a point in space of [i dimensions, but we pay particular 
attention to the case of three dimensions. 

An array of n rows and m columns vanishes if, and only if, the constituents in the 
rows are connected by the same set of scalar coefficients x,, ajg . . . x,„. Thus 



a, 



% «3 



^1 h h 






^ I I I I 

Vl *'2 ^3 • • • *« 

Pi Pi Ps • • ■ P' 



= 



(548), 



when 



r, rj rg . . . r. . 

tx/i, = 0, txjb, = 0, . . . tx,r, = 

It is proved in the memoir that the expansion of the array is of the formf 
t±.{a^a^ta^){h^hJ)^h^ . . . (/4„-_,, l^^-^i, Z«„._i, It^) 

r PtH'+l /»4» +2 ■ • Pm ) 

I . . . i 



(549). 



'*4n'+l ''4n'+2 



(550) i 



and we take definitely m = 4n' + n", where ti" = 0, 1, 2 or 3. The number of 
equivalent scalar conditions is 4m — n + 1 for the vanishing of a quaternion array, 
and (/x + 1) ^ "~ ^ + 1 for an array of points in /x dimensions. 

The scalars a?i, org, Ac, are determined when (548) is satisfied by the system of 
arrays of m — 1 columns and n rows, of which this array 



I xj)^ + 0:262, 63 



«« 
h. 



I 

[ 



X^Vi + XoT^, »-3 



= 



(551) 



is a type. 



* 'Trans. Roy. Irish Acad.,' vol. 32, pp. 17-30. 

t Every row must be represented in the expansion, and it may be gathered from the Memoir how to 
expand if one row involves only four constituents. In this case the general method fails. 
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If all the minor arrays formed by omitting one column of (548) vanish, we take any 
two of these minors, and forming second minors corresponding to (551) we obtain two 
sets of relations (549), and so on in general. 

151. In order to find the conditions that a linear function of an n-system should 
convert m given weighted points a,, . . . a,„ into in others, ij, . . . 6^, we write down 
the array in m rows and 7i + 1 columns, 






whose vanishing requires 



./i«- /s 



fnO.2 k. I 



= 






(552), 



(553). 



The vanishing of this array requires 4m — n scalar equations to be satisfied. If 
then n = 4m, the array vanishes without restriction, and a single condition must be 
satisfied for the vanishing of the arrays, such as (551), 

r ^i/i^i + 'h A^i • • Ml 1 



. ^ =0, 



I ^l/l«« + &«. Mm ' . /««« 



&C, 



(554), 



and these determine the coefficients x without ambiguity. 

Thus from a given 4m-system can be found one fiinction which shall convert m 
given weighted points into other given weighted points. (Compare Art. 3.) 

152. When the weights are disregarded, the equations of condition are 



and these furnish the array 

(M\ M\ 

I /l«2 M% 

I ■ 



% = yA. • • • 


^,f/^m = Vmb, 


/«ai 6i 


..01 


/.a. feg 


. . 


.=0. 


./>*« 


. .K 





(555); 



(556), 



of m + n columns and m rows. Its vanishing requires 3//i — 7i + 1 conditions to be 
satisfied, and the vanishing of the minor arrays such as (551) requires a single 
condition if n = 3m + 1> and these definitely determine the function. Thus fi:om 
a (3m + l)-sy8tem can be found one function which converts ra points to in others 
when the weights are neglected. In particular, a linear transformation can be found 
(out of the whole sixteen-system) to convert five points into five others {kit. 3). 
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153. When lines are to be converted into lines, the conditions are 

tx.f/At = yihi + y'lh', ; tr,f,a'i — z,h, + z'th't .... 



(557), 



and the array 










'/i«i 


f/fl ■ 


• /.«! 


Z», //, 




u\ 


A^'i • 


• /««'l 


bi l\ 


'i 


Mm 


f.2a„ . 


. /««« 







I /l«'« 


JW. ■ 


. /X« 






0"] 







<* • • 


h„ h'^ 




6„ V^^ 





(558) 



of n + 2m columns and of 2m rows must vanish. The number of conditions is 
6/n — n + 1. Thus a function of a seven-system and of a thirteen-system 
respectively converts one and two lines into one and two others. 

In like manner, when planes are to be converted into planes, the array is of 
n + 3m columns and of 3m rows, and requires 9m — ?i + 1 conditions for its 
vanishing. 

In general for space of /i dimensions a function of an w-system is completely 

defined if 

n = II {m^ + 2m2 + Smg + &c.) + 1 = fxM + 1 . . . . (559), 

which converts in^ given points, m.> lines, m^ planes, &c., into other given points, 
lines and planes, &c. 

154. We shall now suppose that the array (556) does not vanish without conditions 
restricting the generality of the points. Let all the points except (f„ and h^ be given. 
It is sufficient to consider the cases in which the number of conditions does not 
exceed three. 

By the expansion (550) we have, if l^m — n + 1 = ''j so that v conditions must be 
satisfied, or if n = 3m — r + 1 = 3 (m — 1) + (4 — i^), 

2 ± (/i K),/2('r,),/3(a.), h) (AM AM A (f'.), ^.) • . . 

(/a^-s (^'w-i)' /a^-i (^^«-i)» /3«-3 ('^"'-i) ^«-i) 

X {/3«-->(^/«)»/3'«-l(^^) • • •/3''-.K + 1 («•'), K] =0 . . . (560). 

For it is obviously no use retaining any term (/i(<*i), /o («i), /a (^i), /^(ai)), in 
which a b does not enter, as the minor array of this term has a column of zeros and 
vanishes. 

We thus have three types of conditions for i/ = 1, 2 or 3, and these are of the 
forms, the functions F being linear, 

I. (F^a^,, F.a«, Fga^, K) = ; 
II. [F^cu, F^a,, 6.] = ; 
III. {F,a„, b^]^0 (561). 
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In typa I, if a^ is given, h^ lies in a plane ; and a^, lies on a general cubic surface 
if h^ is given. 

In type II, if a„^ is given, &«, may be any point on a line ; and if 6« is given, a„ 
may be any point on a twisted cubic. 

In the third case, F^a^ = th^, and either point is determined if the other is given. 

There is no difficulty in applying this method to the case of Art. 153. We must, 
however, include the case of four conditions being requisite. The last line must 
belong to a complex, a congruency, a ruled surface, or be one of a definite number 
of lines. 

155. We shall now consider the critical cases when every first minor of (552) 
vanishes. 

The minor obtained by omitting the last column expands into 

S±(/i(ai),/2(ai),/3K)./4(«i)) • • • {/4«-3K)./i--2K)- • ./«K)] • (562). 
Here, as in the last article, we have the types 

I. (F^a^, Fga^, Fga^., F^a«) = ; 

II. [F^a,, Fgor,, Fga J = ; 

III. {F,a,, Y^a^} =0 ; 

IV. Fa« = (5G3) 

corresponding to n = 4m, n = 4m + Ij ^^ = 4m + 2, and n = im + 3. 

Now, from the nature of arrays, though it does not appear directly from the form 
of the expansion, these conditions are all combinatorial functions of the m points a. 

I. In the first place, for the type I we have for m = 1 the Jacobian of a four- 
system. Next, for n = 8, m = 2 we have a one-conditioned assemblage of lines of 
the fourth order, or a complex of the fourth order. These are the lines which can be 
destroyed by single functions of the system. For n = 12, m = 3, (562) represents a 
one-conditioned assemblage of planes, and these planes envelope a surface of the 
fourth class, and each can be destroyed by a corresponding definite function of the 
system. 

For n = 16, 7)i = 4, the same equation represents a constant multiplied by the 
yolume of the tetrahedron (^la^aga^) to the fourth power. 

II. Again, for n = 4m — 1, and more particularly for m = 1, we have the critical 

RftXtlO 

[/i«/3«/3«] = (564). 

of three functions ; and for seven functions a congruency of lines common to a set of 
quartic complexes ; while for eleven functions we have a two-conditioned assemblage 
of planes, or a developable of planes enveloping certain surfaces of the fourth class. 

III. For n = 4wi — 2 there is first the system of united points of /^"Y^ ^^^ ^ P^^^ 
of functions, or {f\Ct,foa} =0. Secondly, a ruled surface of lines destroyed by 
functions of a six-system ; and thirdly, a determinate number of planes destroyed by 

VOL. cci. — A. 2 T 
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fiinctions of a ten-system. For a fourteen-system it requires an invariant relation 
to vanish. 

IV. This case requires a single ftinction to destroy a point ; it gives the lines 
destroyed by fiinctions of a five-system (of these there are 20, compare Art. 114) ; 
and it imposes a condition on a nine-system of functions, so that some fimction of the 
system may be capable of destroying a plane. For a thirteen-system an invariant 
relation must vanish if a critical case arises for non-coplanar points. 

I calculate the order of the Kummer surface of the quartic complex for the eight- 
system to be 72, and the order and class of the congruency of the double lines to be 
24. The lines of this congruency would seem to be capable of being destroyed by 
two-systems of functions selected from the eight-system. 

156. More particularly, if the line ab can be destroyed by a single fiinction of an 

n-system, 

txj,a = 0, txj,b = (565); 

and the array 

must vanish. The number of conditions is now 9 — n, so that from a nine-system 

one fiinction can be found to destroy an arbitrary line. For n = 8, we have the 

complex 

S±(/iaAa/3a/,a)(/66/e6/7&/8&) = (567). 

If the plane a, h, c can be destroyed by a single ftinction 

/i& /26.../.fe 1=0 (568), 

J\^ jtP • • • jifi ^ 

and this requires 13 — n conditions. For n = 12 we have the surface enveloped by 
the plane (compare the last article) 

t±iAaf,af,af,a){f,bf,bf^f,b){f,cf,,cf,,cf,,c) = . . (569). 

157. When a line can be destroyed point by -point by fiinctions of a two-system" 
selected from an u-system, 

t{xi-\-ty{}fi{a-\-th)=0, or txj,a=0, txJfi-\-tyJ^a=0, tyJih=0 (570); 

and the array 

r/i« A"- • •/«« . . . ■] 

^ /i& Ab...f„b Aa /2a.../,al=0 .... (571) 

.0 ... f,b Ab...Abj 

must vanish, or 1 3 — 2n conditions must be satisfied when the line is arbitrary. The 
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functions must satisfy 9 — 2n conditions, as the line may be made to satisfy four. 

For a four-system one condition must be satisfied for the existence of a line of this 

nature, but for a five-system (compare Art. 114) a ruled surface of such lines exists, 

triple chords of a curve of the tenth order. 

If the line can be destroyed by functions of a three-system we have (compare 

Art. 114) 

t{xi + ty, + t%)f,{a+th) = ...... (572), 

and the resulting array is of 4 rpws and 3n columns, and vanishes if 13 — 3n 
conditions are satisfied. Finally, if the line is destroyed seriatim by fiinctions of an 
included four-system, 21 — 4n conditions must be satisfied. 

We may state that the number of conditions required to determine an N-system 
included in an n-system is 

N(n-N) = N'(n-.N'), (N + N' = n) (573). 

158. As regards the destruction of planes, a plane may be destroyed en hloCy as 
in (568), or line by line, or point by point. In the second case, 

S {xi + sy{)fi{a + tb+sc+std) = 0, 
or t {xi +,M/i)/i (a + sc) = 0, 2 (a?j + sy^)fi {b + sd) = 0. . (574), 

with the condition (ahcd) = 0. 



Thus the array is 








" /i« Aa • • /.a 


... 




/ic Ac • • /-c 


/itt . . • /«« 


- 


. . 


/ic . . . fnC 


Ab Ab..fjb 


... 




fid fid . . f„d 


Ah...fJ> 




. . 


f,d...f,d 



}.=o 



(575) 



of 6 rows and 2n columns, requiring 25 — 2n conditions when we disregard (a6cc?)=0. 
This is the case in which a function can destroy a hyperboloid* generator by 
generator. The same number of conditions must be satisfied even when the four 
points are supposed co-planar. 

Finally, the case in which the points are destroyed seriatim gives an array of 3n 
columns and 6 rows, requiring 25 — 3n conditions for its vanishing. 

From these articles we can clearly trace the way in which a Jacobian of four 
functions may degrade, one of the most interesting being where it breaks up into 
a pair of quadrics, one of which is destroyed generator by generator by a two- 
system. 

* In the paper on the interpretation of a quaternion as a point symbol, the equation q-a + tb + sc + std 
is considered. It represents a ruled quadric and exhibits the dual generation. 

2 T 2 
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SECTION XXL 
The Extension of the Method to Hyper-Space. 

Art. Page 

159. The equation of a flat in terms of parameters 324 

160. The combinatorial equation of a flat 324 

161. The reciprocal of aflat 325 

162. The symbol of a flat 320 

163. The symbol of the reciprocal flat 326 

159. Exactly as in quaternions we may regard the sum of a scalar and a line 
vector in space of n dimensions as the symbol of a weighted point. 

If 

(7=S7 + V^ = (l+-^^^)S(Z==(l + OQ)S^; 0Q = -|^^ . (57G); 

q is the symbol of the point Q to which a weight S^ is attributed. 

The point represented by a sum of point symbols is the centre of mass of the 

weighted points, and the weight attributable to that point is the sum of the weighta 

The equation 

q = a^'th (577), 

in which < is a variable scalar, is the equation of the line ah. 

The most general homographic di^'isioIls on two lines ah and cd are repre- 
sented by 

q = a + ib, q = c + td (57«), 

in which the weights Sa, S&, Sc, Sd have been suitably selected. 
The equation 

9 = ^i«i + ^2^2 + ^3^3 (•^''9) 

represents the plane of the points a^, ag, a^ ; and more generally 

q = ^i^i + tM^ + &c. . . . + t,,a^ (580) 

is the equation of the (m — l)-flat containing the m points a^ a^ . . . a«. 

I believe it is more convenient to call generally a plane space of m dimensions an 
m-flat, and to retain the name plane for its ordinary signification — a two-flat. 

160. In accordance with Hamilton's notation {' Elements,' Art. 365) we propose 
to write 

^^,^3 . . . aJ=V«.Va,Vtr, . . . Va,,-S±V,.i.Vc;,Va3 . . . Ya^Sa, . (581) ; 

or briefly 

[u]« = V,[a].+ V„.,[«], (582); 

as the symbol of the (m — l)-flat containing the m points a^, a^ . . . a,. 
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In order to justify this proposal, we observe that the array [a^ac^ . . . a„] changes 
sign whenever two contiguous elements are transposed. It consequently vanishes 
whenever one element is a scalar multiple of another, or whenever any group of 
elements is linearly connected by scalar coefficients ; and it does not vanish under 
any other conditions. It is equivalent to the most general one-row array that can 
be formed from the m symbols a, because, according to the principles laid down on 
the subject of quaternion arrays, the general one-row array must be of the form 

{a^a,2 . . . a^} = xY^.Ya^Va,^ . . . Va^ + yt± V«_i. VaaVaa . . . Ya^Sa^ . (583); 

and the separable parts V^ and V^.^ of [a]^ afford all the information contained in 
the general array with indeterminate scalars x and y. 

The equation of the flat containing m points a may be written in the form 

[qOia2n^...a„] = (584), 

as this implies (580) 

q = t^a^ + t,or2 + hcf^ + • • • + </««^, 

in which t^, t.^. . .t^ are variable scalars. 
161. Returning to the relation (582) 

It is evident that V«_| [a]^ is equal to the product of a scalar and a set of m — 1 
mutually rectangular unit vectors ig, h. . .im, in the (m — l)-flat containing the m 
points a^, a^ . . . a«. It is also apparent that V^ [a]^ is the product of a set of m 
mutually rectangular unit vectors in the 7n-flat containing the origin and the points 
a multiplied by a scalar. We may take this product of in vector units to be 
hhh • • • *«• Thus we have 

M* = (yii — a:) hh . • • ?« (585), 

where isii + ith = 0, t/ = — 1, and where x and y are certain scalars. (Compare 
Clifford's 'Mathematical Papers,' p. 398.) 

From this we find the symbol of a definite point 

A. = 1 + ^,;-J>M- = 1 . ^/:^'3 . -• 'V = 1 - '-^. = 1 + ^ h . (586) ; 
Ymicijn yiiizti.^.im yii y ' _ 

and we verify at once that this point Is a conjugate of all the points a with respect 
to the quadric 

S.g^ = (587), 

because for any one of these points we have 

Sa,A« = Sa, f 1 + \'l^'}^^ = Sa, + I^^'y^']- = Sa, - Sa, = . (588), 
as appears on reference to the equation (581). 
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In other words, A,, is the reciprocal in the w-flat which contains the origin and 
the points a of the (m — l)-flat which contains the points a. 
For example, in three dimensions, 

A,= l + y°4'^,r:Va,S., (5,,) 

is the point in the plane oi^a^ which is reciprocal to the line a^a^. 

162. A comparison of the equations (581) and (585) shows that the m points 

^ + yh> 4, ^ • • • *'« (590) 

(of which 4, 13... im are at infinity) may be taken as defining the (m — l)-flat 
containing the points a. 

Hence, conversely, if [a]^ is any fimction satisfying the equations of condition 

[a]„ = V„[a]. + V„.,[a]„; ^I^H ^ ' "^fw J" " ' ' ^^^^^' 

it is the symbol of an (m — l)-flat. In feict, we can reduce this function to the form 
(585) and the proposition is evident by (590). 

163. The symbol of the flat reciprocal to [a]« vnth respect to the auxiliary 
quadric (587), S . g^ = 0, in an n-space is 

[a], ft (592), 

where ft is the product of^'n^' mutually rectangular vector units in the n-space^ or 

ft = iji^ig ... 4 (593). 

In fact, fi'om (585) we obtain 

[a]^ft = {^Y''{yi, — x)iit«+ii^+2 . . . iniizhh • • • ^mf 

= {^)^i-^'>{y+xi,)i^^,i^^,...i^ = [al,,^^ . . . (594); 

and n + 1 — ^ defining points of this new (n — ?n)-flat are (590) 

y + ^'^'l, K+ly K+2 . • . 4 (595). 

But all these points are conjugates, with respect to the auxiliary quadric, of the 
m points (590) ; and therefore the flat [a];„ft is the reciprocal of the flat [a\^. . 
More symbolically, we have the relations 

V^ [a],, . ft = \\,^ . [a],„ ft ; Y^,, [a], . il = - V„_,„^, . [a], ft . (596), 

and in particular for three dimensions we deduce the relations 

[ah] = - (a'60 ; (ah) = [a't^] (597), 

connecting a line and its reciprocal (compare p. 224). 
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For odd spaces, if 

n — m + 1 = m or m = ^ (n + 1) , 

the flat and its reciprocal, [a]^ and [aj^fl, are of the same order. This is the case 
for a line in three dimensions, and we recover from the general formulae 

[ab] = - (a'6') ; (ah) = [a'b'] , 

relations which I have elsewhere given connecting the symbols of reciprocal lines. 

We are now prepared with all the necessary machinery for the geometry of flats 
and of their reciprocals. 
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